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ALGEBRA II 1 BASICS

1 Basics

1.1 Groups and subgroups

Definition 1. Group is set G and binary operation o: G X G — G s.t.

1. (Closure)Vg,h € G goheG
2. (Associativity) ¥V g,h,k € G (goh)ok =go(hok)
3. dee G s.t.
1. (Identity) eog=gVge G
2. (Inverse) Vg€ GIh e Gst. goh=e.
Definition 2. Order of G, |G| = number of elements in G.
Definition 3. Group G called abelian if

4. (Commutativity) Vg,h € G goh=hog.

Definition 4. H C G called subgroup of G if it forms a group under same
operation as that of G.

Lemma 1.1.1. If H < G then 1y = 1¢.

Proof. Consider element h € H. Then h € G, so in G hh™! = 1g, and in H
hh~! =1p. Hence 1g = 1p. O
Proposition 1.1.2 (Two-step test). 0 # H C G. H subgroup iff

1. hi,ho € H= hiho e H
2.he H=h"1leH.
Proof. If H subgp then 1., 2. follow from closure and inverses axioms. If 1.,

2. hold, then associativity is inherited from G, and if h,h~' € H by 2., then
hh='=1€ H by 1. O

Proposition 1.1.3 (One-step test). § < H C G. H subgp iff
h,gc H=hg '€ H

Proof. (=) By two-step test (1.1.2) g~ € H so hg~' € H.
(<) he Hsohh™' € H. Then h=! = (hh Y )h=t € H.
Therefore if hy, hy € H, hiha = hy(hy')~' € H. O

Lemma 1.1.4. Intersection of any set of subgroups of G is a subgroup of G.

Proof. Let Hj : j € J be subgps of G. Then 1g € H; Vjso(\;c; H; D {lg}
non-empty.

Suppose hi,hy € ﬂjeJHj. All H; are subgroups so by two-step test 1}
hihy € Hj, hi' € H; Vj so hihg,hi* € (\;c, H;. Therefore (., Hj is
subgroup by O
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1.2 Symmetric groups, rings, subrings

Definition 5 (Symmetric group). Let X be any set,
Sym(X) = {¢: X — X|¢ bijection}
Proposition 1.2.1. Sym(X) is group under composition.
Proof. Composition of two bijections is bijection, composition is associative.
Identity is ¢: X — X, inverse element is inverse map. O

Lemma 1.2.2. Any permutation on X can be written as product of transposi-
tions.

Definition 6. A permutation is:

e cven if product of even number of transpositions,
e odd if product of odd number of transpositions.
Proposition 1.2.3. No permutation is both even and odd.
Definition 7 (Alternating group).
Alt(X) = {¢: X — X|¢ bijection, ¢ even}
Alt(X) < Sym(X).
Definition 8. A ring is a set with two binary operations +,-: R X R — R s.t.
1. (Group under +) (R, +) abelian group
2. (Associativity) V a,b,c € R, (ab)c = a(be)
3. (Distributivity) Y a,b,c € R, (a +b)c = ac+ be, a(b+ ¢) = ab+ ac
4. (Identity) 31 € Rst. Va € R, al = la = a.

Lemma 1.2.4. R a ring. Then R has unique identity element.

Proof. Let 1,1’ be identity elements. Then 1 = 11" = 1’. O
Lemma 1.2.5. Let R be a ring s.t. 0 =1. Then R = {0}.

Proof. Vx, x =21 =20=0. O

Definition 9. Ring R is commutative if

5. (Commutativity) Va,b € R, ab = ba.

Definition 10. S C R is subring of R if it forms a ring under same operation
with same identity element.

Proposition 1.2.6. S abelian subgroup of ring R. Then S subring iff

1. ai,ao eS=aa €S
2. 1p € S.

Lemma 1.2.7. Intersection of any set of subrings of R is itself a subring.
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1.3 Isomorphisms and direct products

Definition 11. Isomorphism

e ¢: G — H is bijection s.t. ¢(g192) = &(g1)d(92) ¥V 01,92 € G.

e ¢: R — Sisbijections.t. ¢(r172) = ¢(r1)d(r2), d(r1 +r2) = ¢(r1) + é(r2)
Vry,ro € R.

Proposition 1.3.1. Let X,Y be two sets s.t. |X|=1Y|. Then
Sym(X) = Sym(Y)

Proof. Let ¢: X — Y be bijection. Then f ~ 1) f1)~! isomorphism. O
Corollary 1.3.2. XY finite sets with | X| = |Y|. Then

Alt(X) = Alt(Y)
Example 1. R, R+ are isomorphic (¢(z) = e*) but the two sets are not equal.

Definition 12. Let g € G. The order of g, |g| is least n > 0 s.t. ¢ = 1 if such
n exists. If no such n then |g| = oco.

Lemma 1.3.3. [g| =1 < g=1¢.
Lemma 1.3.4. |g|=n=Vz€Z, ¢° =1=n|z.

Lemma 1.3.5. If ¢: G — H is isomorphism then ¢(1g) = 1g.

Proof. Let ¢(1g) = h € H. Then ¢ surjective so g € G s.t. ¢(g) = h~!. Then
1y = hh™! = ¢(16)d(9) = ¢(lag) = ¢(9)

so &(g) = 1g. O

Lemma 1.3.6. If ¢: G — H is isomorphism then |g| = |¢(9)|] Vg € G.

Proof. Let |g| = m. Then ¢(g)™ = ¢(g™) = ¢(1¢) = 1u by [1.3.5] so [¢(g)| | m.

Suppose In < m s.t ¢(g)" = 1. Then ¢(¢") = 1y = g, = 1g as ¢ injective.
Contradiction as n < |g|. Hence |g| = |¢(g)|- O

Definition 13. Direct product

e GxH={(g,h): g€ G,he H}, st. (91,h1)(g2, h2) = (9192, h1h2).

e Rx S={(r,s):r€R,s €S}, st (r1,s1)(re,s2) = (rire, s152),
(r1,81) + (12, 82) = (11 + 72, 81 + 52).

Proposition 1.3.7. Z,, X Zn = Zypy iff m,n coprime.

Proof. (=) If m,n not coprime let [ = lem(m,n) < mn. The rings as additive
groups are not isomorphic since |1| = mn in (Zyn, +) but ¥V (a, b) € Zy, X Zy,
l[(a,b) = 0 so no element of Z,, x Z,, has order mn. Hence not isomorphic
by lemma [1.3.6
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(<) m,n coprime = Ja,bs.t. am+bn = 1. Let (x), be residue of x mod n.
Want to show that ¢(x) = ((2)m, (z),) is isomorphism.

Is clearly homomorphism so RTP bijection.

@ ((25_1(3/, Z)) = ¢((amz + bny)mn)
= (((@mz + bny)mn)m, ((amz + bny)mn)n)
((amz 4+ bny)m, (amz + bny),)
((bny)m, (amz)y)
=(,2)

since am + bn =1 = (bn),, = (am), = 1. O

Corollary 1.3.8. Ifn =pi'...p}* then Z, = Lipor X -+ X Lo

1.4 Cyclic groups, fields, units

Definition 14. G cyclicif 3g € Gs.t. Vh € G, h = ¢g* some = € Z. g is called
generator of G.

Lemma 1.4.1. Let G = (g). If |G| = oo then |g| = co. If |G| = n then |g| = n.
Proposition 1.4.2. e Any two infinite cyclic groups are isomorphic.
o Any two cyclic groups of order n are isomorphic.
Proof. e G={¢*:xe€Z}, H={h":2€Z}. ¢:G — H, ¢(g°) = h*
isomorphism.

e G =1{¢":2€Z,}, H=1{h*:2 € Z,}. ¢:G — H, ¢(g*) = h*
isomorphism. O

Remark 1. Denote cyclic group of order m C,,.
Definition 15. z € R a unit if 32’ € R s.t. 2o’ = 2’z = 1g.

Lemma 1.4.3. Units in R (R*) form group under multiplication.

Proof. Product on R* associative since is in R. Identity of R* is 1y, inverse of
T is 2’ O

Definition 16. A field is commutative ring K s.t. K* = K \ {0}.

Lemma 1.4.4. = € Z}, iff x,n coprime.

Proof. (=) x,n not coprime then d = ged(x,n) > 1. d divides xy Yy € Z,, so
zy # 1 and z not unit.

(<) x,n coprime then Ja,b € Z s.t. ax +bn = 1 in Z. Therefore x is unit
with 271 = (a),. O

Corollary 1.4.5. Z, is field iff p is prime.
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Definition 17 (Euler phi-function). ¢: N — N, ¢(m) = |Z,| (number of
integers between 1 and m — 1 coprime with n).

Lemma 1.4.6. R, S rings. Then (R x S)* = R* x S* as groups.

Proof. Both are subsets of R x S.

(r,s) e (Rx8)" <= 3F(a,b) € (RxS5)st. (a,b)(r,s) = (1gr,1s)
< Ja€ R,be Sst. ar=1g,bs=1g
< reR*,seS”
<~ (r,s) € (R x S) O

Corollary 1.4.7. If m,n coprime then o(mn) = p(m)p(n).
Corollary 1.4.8. If m = p{' ...p* pis distinct primes then
k

p(m) =@ — v

=1

Proof. ¢(m) = Hle o(pi) by m € Z,si <= m,p;’ coprime <= p; {m.
Residues divisible by p; of form xp; so are p;.“_l of them. O

Definition 18. Units in M, (R) called general linear group GL,(R).

Lemma 1.4.9. Let R be commutative ring, A € M,(R). Then A € GL,(R) iff
det(A) € R*.

Definition 19. For commutative ring R, special linear group
SL,(R) ={A € M,(R) : det(A) = 1}

Lemma 1.4.10. Let R be commutative ring. Then SL,(R) < GL,(R).

Proof. Clearly SL,(R) C GL,(R) since 1g € R*, SL,,(R) non-empty as

1g 0
. € SL,,(R).
0 1g
Suppose A, B € SL,,(R). Then det(AB) = det(A) det(B) = 1gr so AB € SL,,(R).
A~ exists since det(A) # 0 and
1g = det(AA™') = det(A) det(A™) = det(A™!) =1

Hence SL,,(R) < GL,(R) by two-step test (1.1.2). O
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1.5 Cosets, Lagrange’s theorem

Throughout this section H subgroup of G.
Definition 20. g € G, H < G. Right coset Hg={hg:he H} CG.

Proposition 1.5.1. V g,k € G TFAE:

1. k€ Hg

2. Hg= Hk

3. kg7lecH

Proof. (1.=2) ke Hg=k=hgsome he€ H=g=h"'k. Let f € Hg.

Then for some hy € H, f = hyg = hyh™'k € Hk so Hg C Hk. Similarly
opposite inclusion.
(2.=1.) ke Hk=Hgso k€ Hg.
(1.=3)keHg=k=hgsomehec H=kg'=hecH.

(3.=1.) kg7 =-h € H then k= hg € Hg. O

Corollary 1.5.2. Two right cosets Hg1, Hgo are either equal or disjoint.

Proof. If not disjoint then 3k € HgiNHgs. But then by[[.5.1|Hgy = Hk = Hgs.

O
Corollary 1.5.3. The right cosets of H partition G.
Proposition 1.5.4. H finite = |Hg| = |H| Vg € G.
Proof. hig = hag = hy = ha so ¢: H — Hg, $(h) = hg bijection. O

Theorem 1.5.5 (Lagrange). Let |G| < oo, H < G. Then |H| ||G]|.

Definition 21. Number of distinct right cosets of H in G called indez of H in
G, |G: H|.

Remark 2. If |G| < oo then |G : H| = %

Proposition 1.5.6. |G| < oco. ThenVge G |g] ||G|.

Proof. Let |g| =n. Let H = (g) < G. |H| = n, result by Lagrange (1.5.5). O
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1.6 Applications of Lagrange and dihedral groups

Theorem 1.6.1 (Euler). Let a,n € Z coprime. Then n | (a?™ —1).

Proof. Let b = (a),. b € Z. b|ep(n) by so b¥(") = 1 in Z*. Then
a?™ — 1 = (a#™ — p?("M)) 4 (p(™) — 1) divisible by n in Z. O

Corollary 1.6.2 (Fermat’s little thm). p prime, a € Z. Then p | (aP? —a).

Proof.
a? —a=a(a?™t — 1) = a(a®® — 1)
A B
If p|la then result from expression A, if not then result by Euler (1.6.1)) from
expression B. O

Definition 22. Dihedral group D3, group of isometries of regular n sided poly-
gon P.

Let the n rotations be denoted a* (0 < k < n) and the reflection in the bisector
of P that passes through vertex 1 be denoted b. Then

Dy ={a":0<k <n}u{a®b0<k <n}

1.7 Generators and relations
Definition 23. {g1,92,...,9-} C G generate G if every element of G can be
obtained by repeated multiplication of g; and their inverses.
(Equivalently if every g € G can be written as a word in the g;s.)
Example 2. e a,b generate Dy,.
e Set of all transpositions generate Sym(X).
e Elementary matrices over K generate GL, (K).

Proposition 1.7.1. Let |G| = 2n generated by a,b s.t. a® =1 =%, ba = a~1b.
Then G = D,

Proof. Any element g of G can be written as product of a,b,a=',b71. o™ = 1 = b?
so can replace a~! by a® !, b=! by b so only a, b appear in this product. Using
ba = a~'b = a"~'b to move a® to left of expression, get g = a*b! some 0 < k < n,
0 <1 < 2 so have 2n different a*b!. |G| = 2n so all represent distinct elements
of G. Hence

G={a":0<k<n}uU{d®b0<k<n}

Can deduce the same multiplication table as for Do,,. O

Proposition 1.7.2. Suppose |G| = mn generated by a,b s.t. a™ = b = 1,
ba = ab. Then G = C,, x C,.
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Proof. Any element g of G can be written a®b! with 0 <k <m, 0 <1< n so
G:{akbl:0§k<m,0§l<n}
Defining relations enable deduction of multiplication table. O

Proposition 1.7.3. |G| =8, generated by a,b s.t. a* =1, b*> = a?, ba = a~1b.
Then G = Qs.

2 Homomorphisms

2.1 Homomorphisms, images, kernels
Definition 24. e Group homomorphism ¢: G — H is function s.t.
?(9192) = ¢(91)0(92) V91,92 €G

e Ring homomorphism ¢: R — S is function s.t.

d(rire) = ¢(r1)o(r2), ¢(r1 +r2) = ¢(r1) +é(r2) Vri,re € R

Lemma 2.1.1. ¢: G — H hom. Then f(1g) =1y and f(g~ ') = f(9)™! Vgeaq.

Proof. Let f(1g) =h € H. Then

lgh=h= f(le) = f(lele) = f(le)f(1c) = hh

so h=1g.
Similarly if f(g) = h then
flgf(9) = flg~'9) = f(le) = 1u = h~"h = f(g)"" f(9). O

Proposition 2.1.2. If g,k € G then |g| = |kgk™!|.

Proof. Follows from [1.3.6] O
Proposition 2.1.3. ¢: G — H group homomorphism. Then im(¢) < H.
Proposition 2.1.4. ¢: R — S ring homomorphism. Then im(¢p) subring of S.
Definition 25 (Kernels). ¢: G — H

ker(¢) ={g € G: ¢(g9) = 1u}
or in the case of additive groups or rings
ker(¢) = {g € G : ¢(g) = On}
Remark 3. 1¢ € ker(¢) V ¢ by lemma [2.1.1]
Definition 26. H < G called normal in Gif gH = HgVg € G. Write H < G.
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Proposition 2.1.5. ¢: G — H group homomorphism. Then ker(¢) < G.

Proof. K = ker(¢) subgroup using one-step test (|1.1.3). Pick a,b € K. Then
dlab ) =g(a)p(b~!)=1-1"'=1-1=1s0ab ! € K.

Show K normal. Let g € G,k € K. ¢(k) =1y so
¢(9~ kg) = d(9™ )1 e(g) = d(9) ' ¢(9) = 1u
so g 'kg € K. Hence gk = Kg Vge€G. O

Definition 27. Additive subgroup of ring R called ideal in R if I C I D Ix
Vx e R. Write I < R.

Proposition 2.1.6. ¢: R — S ring hom. Then ker(¢) < R.

Proof. K = ker(¢) additive subgroup of R by If pe K,z € R then

¢(zp) = d(x)d(p) = ¢(x)0s = O
so xp € K. Similarly pz € K. O

Proposition 2.1.7. ¢: G — H homomorphism. ¢ injective iff ker(¢) = {1}

(or {0c}).
Proof. (=) 1lg € ker(¢) so if ¢ injective then ker(¢) = {1g}.
(<) Let g1, 92 € G with ¢(g1) = ¢(g2). Then

1y = ¢(g1) " d(g2) = d(g1 'g2)

s0 g7 tg2 € ker(¢) = {1g}. 97 g2 = ¢ <= g1 = g2 50 ¢ injective. [

2.2 Normal subgroups

Example 3. e {1},G LG
e (& abelian then all subgroups normal.

Proposition 2.2.1. H < G with |G : H| =2. Then H < G.

Proof. |G : H| = 2 so there are two distinct right cosets of H, H and G \ H.
Similarly for left cosets. Then for g € G:

e if g H then gH = H = Hg,
o if g H then gH =G\ H=Hyg. O
Proposition 2.2.2. H < G. Then H <G iffghg ' € HVYg € G, he H.

Proof. (=) gh € Hg= 3h' € H with gh = h/g. Then ghg~! =h' € H.

10
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(«<) For gh € gH, ghg~' € H so gh = h/g some h' € H. Therefore gH C Hg.
Similarly gH D Hg. O

Definition 28. If A, B C G define product AB = {ab:a € A,b € B}.

Lemma 2.2.3. N < G then (Ng)(Nh) = (Ngh).

Proof. Let n1g € Ng, noh € Nh. gN = Ng so dng € N s.t. gno = nzg € Ng.
Then

(n19)(n2h) = n1(gnz)h = n1(nsg)h = (nins)(gh) € Ngh
so (Ng)(Nh) C Ngh. ngh = (ng)(1h) € (Ng)(INh) so Ngh C (Ng)(Nh). O

Proposition 2.2.4. N < G. Then % set of right cosets Ng of N in G form
group under multiplication of sets.

Proof. (Ng)(Nh) = Ngh by [2.2.3] so have closure. Associativity follows from
G. (N1)(Ng) = Nlg = Ng Vg € G so N1 identity and Ng—! inverse to
Ng. O

Definition 29. Group % called quotient group of G by N.

Remark 4. If G finite, | $| = |G : N| = 14

N
Proposition 2.2.5. N < G. ¢: G — %, #(g9) = Ng surjective gp hom with
kernel N.

Proof. Clearly surjective gp hom.

#(g)=1g < Ng=Nlg < g€ N < ker(¢p)=N O

2.3 Ideals

Proposition 2.3.1. R a ring, x € R. Then
n
(x) = {Zrkxsk i Tk, Sk € R}
k=1

is an ideal in R.

Proof. (z) clearly non-empty.
Difference of two sums > ;_, rxzsy also such a sum.

a (Y op_y rewsk) = Yoy (ark)wsy € (z) and (o)) rewsk) a = Yo,y rex(ska) é (2).

Remark 5. If R commutative (x) = {ar : r € R}.

Lemma 2.3.2. Let R be commutative ring, x € R. Then x € R* iff () = R.

11
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Proof.
r€ER" < Jystazy=1g
< 1lr € (x)
<~ (£)=R
(asslpel=a=algelVacR) O

Definition 30. Non-zero a,b € R s.t. ab = 0 called zero-divisors.
Definition 31. A domain is a non-zero commutative ring without zero-divisors.
Proposition 2.3.3. o A field is a domain.

o A subring of a domain is a domain.

o A polynomial ring over a domain is a domain.

Proof. e Rfield = R* = R\{Ogr}. Suppose I non-zero a,b € Rs.t. ab=0g.
Then a € R* so 3a~!. Hence

Op=a 0g=atab=10
This is a contradiction.
e Clear as share same zero element, same binary operations.

e Prove by induction on n, the number of variables.

Let f(z1) and g(z1) be two non-zero polynomials in R[z] and let af, by be
their leading coefficients respectively. Thus a; # Og, by # Og and because
R has no zero divisors, afb; # 0. But the product asb, is the leading
coefficient of f(x1)g(z1) so f(x1)g(x1) cannot be the zero polynomial.
Consequently, R[z1] has no-zero divisors.

Suppose R[x1, ..., Tn—1] has no zero-divisors. Let f(z1,..., %), g(x1,...,Tn)
be non-zero polynomials in R[z1,...,2,]. Then as the polynomial ring is
commutative can write

f(mla s axn) = Zx;,fz(xla v 7xn71)
i=1
where not all f; are zero. Similarly for g. Then fg # Og[s, ... »,] since not

all of the products z?, f;x4,g; are zero. O

Definition 32. A domain R is principal ideal domain (PID) if any ideal of R
is principal.

Definition 33. A euclidean domain (ED) is domain R that admits norm func-
tion v: R\ {0} — N s.t.

1. v(ab) > v(b)Va,be R

2. v(ab) =v(b) < a € R*

12
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3. Va,b3q,rs.t. a=q¢b+r and either r =0 or v(b) > v(r).
Example 4. e 7 are ED, v(z) = |z|. ¢,r from division with remainder.

e K[z] (K a field) is ED. v(P) = deg P. ¢,r from polynomial division with
remainder.

e Gaussian integers Z[i| = {a + bi € C : a,b € Z} are subring of C so a
domain. Is ED with v(z) = |z|*:

1. Clear.

2. Z[i]* = {1,-1,i,—i} since ¢! = 1.

3. Pick ¢ € Z[i] closest to . Then |q — %|

a2 v
r#0,v(r) = |a— gb?> = |qg — &7 p]> < X2

Let r =a—qb. If

< IA
s

Theorem 2.3.4. ED —> PID.

Proof. Let R be ED, I < R. Choose b € I\ {0} with smallest possible norm.
Clearly (b) C I. For a € I write a = bq + r with either » = 0 or v(b) > v(r). If
r # 0 then r = a — bg € I smaller norm than b. Contradiction, so a = bq € (b).

O

2.3.1 Applications
Minimal polynomial of matrix

A € M, (K) defines ring hom f4: K[z] = M, (K), fa(F(z)) = F(A) evaluation
hom.

fa linear map from infinite dim vector space to finite dimensional one, so has
non-zero kernel. KJ[z] is PID so ker(fa) = (ma) some my € K[z]. This is
minimal polynomial of A.

Characteristic of a ring

fr:Z — R, fr(n) = nlgr. Kernel of this hom is (m) some m > 0. This m is
characteristic of R.

2.4 Quotients and homomorphisms

Proposition 2.4.1. Cosets of ideal I form ring under addition in quotient
group and the multiplication (I + a)(I +b) =1 + ab.

Proof. Let I +a=1+xz, I +b=1+y. Then
ab=ab—ay+ay—zy+zy=alb—y)+ (a —z)y + xy.

Hence ab —xy € I and I 4+ ab =1 + xy. O

13



ALGEBRA II 2 HOMOMORPHISMS

Example 5. % > T ¢: Ly — %, o(m) =m+ (n).

Proposition 2.4.2. ] < R. ¢: R — %, d(g) = I + g is surjective ring hom
with kernel I.

Proof. Is clearly surjective ring hom. ¢(z) =0 < I+ax=1 < z €150
ker(¢) = I. O

Theorem 2.4.3 (First isomorphism theorem (groups)). ¢: G — H gp hom
with kernel K. Then

There is isomorphism ¢: % — im(¢) defined by o(Kg) = ¢(9) VgeQG.

Proof. IDEA: PROVE THAT ¢ IS AN ISOMORPHISM.

Check ¢ well defined: Kg = Kh = g = kh some k € K. Then

im(p) = im(¢), ¢ clearly hom.

o(Kg)=1p <= ¢(9)=1g <= g€ K < Kg=Klg=lg/x
hence ¢ is injective by 2.1.7} Therefore ¢ isom. O

Theorem 2.4.4 (First isomorphism theorem (rings)). Let ¢: R — S be ring
hom with kernel I. Then

More precisely 3 isomorphism ¢: & — im(¢), p(I + z) = ¢(z) Vz € R.
Theorem 2.4.5 (Cayley). Every group G is isomorphic to a permutation group.
If G finite the set X can be chosen finite.

Proof. Let X = G. Homomorphism ¢(z)(y) = zy. By lst isom thm (2.4.3)

s 2 A < Sym(X). € ker(¢) = x = a1 = ¢(x)(1) = 1. -

2.5 More isomorphism theorems

Lemma 2.5.1. If H <G, K <G then HK = KH subgp of G.

Proof. Let hk € HK. K normal so hk € hKk = Kh C KH, so HK C KH,
opposite similar.

Product of two elements of HK lies in HKHK = HHKK = HK, inverse
E='h~=" of element hk € HK liesin KH = HK,so HK < G by[1.1.2 O

14
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Theorem 2.5.2 (Second isomorphism theorem (groups)). H < G, K < G.

Then HNK < G and

H
HNK

~ HK
K

Proof. ByR22HNK < K.

¢: G — —, ¢(g) = Kg surjective group hom, kernel K by

_ ) _ KH HK G _ HK
Then ¢(H) = {Kh: h € H} = KL = HE < & le im(gy) = 25
ker(¢y) = H Nker(¢p) = HN K. By applied toi ¢g, HﬁK = HKK O

Theorem 2.5.3 (Second isomorphism theorem (rings)).
R. SN1I ideal in S and

S subring, I ideal of

L9+
T

Snli

Proof. By - for additive groups, W ~ i of groups under addition, ho-
Hon(s) =s+ 1.

momorphism 7: S —

Observe S+ 1 subring, I ideal in it. n ring hom as is restriction of quotient hom
R— = to S. O

Theorem 2.5.4 (Third isomorphism theorem (groups)). K C H C G, K,H < G.

Then

(G/K) G

(H/K)  H

Proof. Define ¢: & — & by ¢(Kg)=Hg VgeG. Well defined as K C H so
Kg = Kgo = Hg1 H92 im(¢) = %, ker(¢) = %, result by O

Theorem 2.5.5 (Third isomorphism theorem (rings)). I C J C R, I,J < R.
Then % ideal in % and

(R/T)

R
U/

Proof. ¢: % — %, oI +7r1) =
ker(¢) = 7, result by-

Theorem 2.5.6 (Chinese remainder). n; € N i =1,...,¢ts.t. ged(n;,n;) =1
System of comparisons x + (n;) = k; + (n;) admits solution in Z. Any two so-
lutions differ by multiple of N = nins...n

J + r well defined ring hom. im(¢)

o<

U(x) = (z+(n1), ..., 7(ne)). ker(y)

, so divisible by N since n; coprime. Hence ker(¢)) = ().
@) Zn = subring of ], 2 Ty~ Both rings have same
number of elements so isomorphism. Hence 1 surjective. Surjectivity ensures
exists solution since can write system ¢ (x) = (k1,..., k). If z, 2’ two solutions,
x — 2’ € ker(¢) = (N). O

Proof. Consider ring hom v¢: Z — [], L) x(
is all x divisible by all n;

By first isomorphism

~
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3 Group action on sets

3.1 Actions, orbits, stabilisers
Definition 34. G gp, X set. An action of G on X isamap -: Gx X — X s.t.

1. (gh) - z=g-(h-2)Vg,heG, z € X.

2. lgre=axVorelX.
Proposition 3.1.1. Let - be action of G on set X. For g € G define ¢(g): X — X
by ¢(g)(x) = g-z. Then ¢(g) € Sym(X), ¢: G — Sym(X) hom.

Proof. ¢(1¢) isidentity Ix: X — X by 2.,s0by 1. ¢(9)d(g~ 1) = ¢(997 1) = Ix
and ¢(g 1) o(g) = Ix so ¢(g), (g~ "') inverse maps; so ¢(g): X — X bijection.
Hence ¢(g) € Sym(X). ¢ hom by property 1. O
Definition 35. Kernel K of action - of G on X is

K={geG:g-z=2 VzeX}
Definition 36. Action is faithful if K = {1}.
Proposition 3.1.2. If - is faithful action of G on X then G = subgroup of
Sym(X).

Proof.
G
- O
faithful K mlm((b)
Definition 37. Let - be action of G on X. Relation ~ on X defined by:
r~y <= dJgelGst.y=g-x

Lemma 3.1.3. The relation ~ is an equivalence relation.
Proof. o [z~a|r=1g .

0’x~y — ywx:‘y:g-x —
g—ly:g—l(gx):(g—lg)m:lGx:‘r

lewy,ywzﬁxwz:‘y:gw,z:h~y:>z:h'(g~x):(hg)~x. O
€eG

Definition 38. The orbits of G on X are the equivalence classes of ~.
Orbg(z) ={ye X:3geGst. y=g-z}
Definition 39. G acts on X, x € X. Stabiliser of x € X,
Stabg(z) ={9 € G:9 -z =2z}

Proposition 3.1.4. Let G act on X, x € X. Then

16
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1. Stabg(z) <G
2. Nyex Staba(x) is kernel of the action of G on X.

Proof. 1. Let ¢g1,¢92 € Stabg(x). Then (g1g2) -2 =¢1-(92-2) = g1 - = so
g192 € Stabg ().

Consider gfl “X. T =g1 T SO

gtrz=97" (g1 )

=(g;'q1)
=X

0 g7+ € Stabg(x). Hence Stabg(z) < G by 2-step test (1.1.2).

g€ m Stabg(r) =Vzr e X,g- v =2z
zeX
=gef{geG:g-z=2 VeeX}=K

= ﬂ Stabg(z) C K
rzeX

geEK=g-x=1 V= g¢€Stabg(z) Va so have equality. O

Theorem 3.1.5 (Orbit-Stabiliser). Let G be group acting on X, x € X. Then 3
bijection between elements of Orbg(x) and left cosets of Stabg(x). In particular

|Orbg ()| = |G : Stabg(z)|

Proof. ¥: G — X, 4¢(g) =g-z. Let y € Orbg(x). Then 3g € Gs.t. g-x =y.
Let H = Stabg(z). For ¢’ € G,

g rx=y &= ¢ -x=g-x

= (g7'g) z=ua

— gl ecH
— ¢ €gH. O
3.2 Fixed points and quotients

Definition 40. G acts on X. Quotient set % is set of orbits.

Definition 41 (Fixed points). T C G.

X' ={zreX:VgeT, g-z=ua}
In particular we are interested in X9 := X{9} and X©.

17
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Proposition 3.2.1 (Orbit-Stabiliser formula). G finite group acting on finite
set X. ThenVz e X

|G| = [Orbg ()| [Stabg ()] |

Proposition 3.2.2 (Counting formula). Let G finite gp acting on finite set X.
Then

_|x© &l
X1= 151+ 2 Saber

where sum is taken over representatives of all orbits containing > 1 element.

Proof. X disjoint union of orbits. One element orbits form X¢. Number of
elements in larger orbits is

_ G|
Zx: [Orba ()] BI_HI; |Stabg ()] =

Theorem 3.2.3 (Burnside formula). G finite group acting on finite set X.

Then
X 1
el I E X9
‘ G’ |G| X7
geG

Proof. Let A={(g,2) e GxX:g-x =z}
Al =D X7
g€eG
and also

Al =) [Stabg(x)]

zeX

1
=161 2. > {omet@)

orbits z€
orbit

=G Y 1
orbits
X
=161 |7

3.2.1 Colouring regular n-gons

Count number of geometrically distinct colourings of regular n-gon using m
colours. Let S be set of all sides. Colouring is function f: Z,,, set of all
colourings C has |C| = m™.

What are geometrically the same colourings?

18
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Example 6 (Pentagon). D acts on S, action on C given by g-c(s) = c(g~!-5)
where g € Dqg,s € S,c € C.

Two colourings same if in same D1 orbit (or Cj if only interested in comparison
on rotational symmetries).

C5 case

Want to count number of Cs-orbits. 1 fixes all colourings but any non-trivial
rotation only fixes colourings that use the same colour for all sides. Then by
Burnside:

1%
Cs

ml+m+m+m—+m  md+4m

5 B 5

Dy case

If we also allow reflective symmetry have to count the number of D orbits.
Each of the five reflections fixes colouring using 3 colours. Then by Burnside:

C

m® + 4m + 5n®
Do

- 10

3.3 Conjugacy classes

Definition 42 (Conjugation). o The action of G on itself, g-z = grg~' for
g,z € G called conjugation.

e The orbits of this action called conjugacy classes; conjugacy class contain-
ing g denoted Clg(g)

e Elements in same conjugacy class called conjugate.

Definition 43. Centraliser of g in G is Stabg(g) for action of conjugation.
Write

Calg) ={feG:fg=gf}
Definition 44. Centre of group G is kernel of this action:
Z(G)={feG: fg=9fVgeG}
Remark 6. g € Z(G) < Clg(g) = {g}

Proposition 3.3.1. G finite group, g € G. Then

G
1 [Cla(9)] = gty
2. |Gl =12(G)|+ >, % where summation taken over representatives of

all conjugacy classes.

3. 18| = &1 Lyec ICal9)]
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Proposition 3.3.2. A group of order p™, p prime has non-trivial centre.

Proof. By 1. sizes of conjugacy classes are powers of p. By 2.
p | 1Z(G)| so centre non-trivial. O

3.4 Conjugacy classes in alternating groups

Proposition 3.4.1. Given permutation g in cyclic notation, conjugate fgf ="
of g obtained by replacing each element x € X in cycles of g by f(z).

Example 7' X = {17 27 33 47 57 67 7}7 g = (17 5)(27 47 71 6)7 f = (17 33 57 77 27 47 6)
then fgf 1 = (3,7)(4,6,2,1).

Definition 45. Permutation has cycle-type 273" ... if has r; cycles length i,
1> 2.

Proposition 3.4.2. Two permutations of Sym(X) conjugate in Sym(X) iff have
same cycle-type.

Proof. (=) Conjugate permutations have same cycle type by

(<) If g, h have same cycle type 3 f € Sym(X) with fgf~! = h (Choose f to
map each element in turn). O

Proposition 3.4.3. Let |G| < oo, H < G of index 2, x € H. Ezactly one of
the following holds:

1. 3g € G\ H s.t. gv =xg. Then Clgy(z) = Clg(z).

2. ¥g € G\H gz # xg. Then Clg(z) = Cly(z)UCly (y) for anyy € Clg(x) \ Cly(z).
Moreover M = |Clg(z)| = |Clg(y)].

Proof. H 1 G by Hence Clg(z) C H.

1. Cy(x) proper subgroup of Cg(z). Hence by Lagrange (1.5.5)) |Ce(z)| > 2|Cxh(z)].
By
e
[Ca ()|
2|H]|

~ 2|Cp(z)
|Clg (2)]

|Cla ()]

so Clg(z) = Clg(x).
2. Cpg(z) = Cg(z) so by B.3]]
__lq]
ol = T
_ 24|
~ [C[H]z]
= 2[Cly (=)
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Pick g € Clg(z) \ Cly(z). M = |Cly(g)| but g = axa=! some a € G
so C[H]g = aCpg(z)a™! and |Clg(x)| = 2|Cly(g)]. O

Lemma 3.4.4. H < G is normal in G iff H consists of union of conjugacy
classes of G.

Proof. By [2:2.2]

H<AG < ghg '€ H VgeGheH < (he H=Clg(h)c H) O
Definition 46. G is simple if {1} and G only normal subgroups.
Lemma 3.4.5. As has 5 conjugacy classes of sizes 1,15,20,12,12.

Theorem 3.4.6. Ay is simple.

Proof. Normal subgroup N of As would be union of its conjugacy classes by
B:4:4] No combination of 1, 15,20, 12,12 containing 1 adds up to a proper divisor

of 60. Result by Lagrange (1.5.5). O

4 Factorisation
4.1 Divisibility
Throughout R is domain.

Definition 47. R domain, z,y € R. z divides y (z|y) if y = xr some r € R.
Lemma 4.1.1. Vz,y € R, TFAE:

1. zly

2.y € (x)

5. () 2 (v).
Definition 48. R domain, z,y € R. = and y associate (x ~ y) if z|y and y|z.
Lemma 4.1.2. TFAE:

1. x~y

2. (y) = (z)
3. dg€ R* s.t. © =qy.
Proof. (1.=3.) Clear if z = 0. W.lo.g. assume 0 # z, 0 # y. Then

Ir,t € Rst. x =ry, y =tx. Then ¢ = ry = r(tz) and (1 —rt)z =0. R
domainso 1 —rt =0and ¢ =r € R*.

Other implications obvious. O
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Definition 49. z,y € R.
e Greatest common divisor ged(z,y) is d € R s.t. d|z, dly and if z|z, z|y
then z|d.

o Least common multiple lem(z,y) is | € R s.t. z|l, y|l and if z|z, y|z then
l|2.

Proposition 4.1.3. If R is PID then lem(z,y), ged(x,y) exist V,y € R.

Proof. Pick d,l € Rs.t. (d) = (z) + (y), (1) = (z) N (y).
(z) C (d) 2 (y) and whenever (z) C (2) D (y) follows that (2) 2 (z)+(y) = (d).

Similarly (z) 2 (I) € (y) and whenever (z) 2 (z) C (y) it follows that
(2) € (2) N (y) = (D). H

Definition 50. r € R\ (R* U {0}) is irreducible if r = ab=a € R* or b € R*.

Definition 51. p € R is prime if p € R\ R* and plzy = p|x or p|y.

Proposition 4.1.4. ’ A prime element p is irreducible. ‘

Proof. Let p = ab. Then p|a or plb. Suppose pla. Then p ~ a and p = ag with
g € R* by [£1.2] R domain so ¢ = b. O

Proposition 4.1.5. If R is PID, irreducible r is prime.

Proof. r irreducible, r|ab. By 3a = ged(r,a). Then r = at some t € R. r
irreducible so @ or ta a unit:

e t unit = r ~ a, rla.

e ¢ unit = (a) = (1) = (a) + (r). Hence 1 = za + yr some z,y € R.
r|lzab = (1 — yr)b = b — yrb. Hence b = (b — yrd) + ybr € (r) so r|b and r
prime as either r|a or r|b. O

Example 8. Let Z[iv/5]. In R, 2 is irreducible but not prime.

Proof. 6 = 2-3 = (1+iV5)(1 —iV5). 2+ 1+iV5 since 22 = 1 +iV5 =
x:%ii§¢R. So 2 not prime.

If 2 = ab with @ = z+yiV/5,b = s+tiv/5 € R then 4 = |a|?|b]? = (2?2 +5y?) (s> +
5t%). |al?, |b]* =€ N.

e |a|?> =1 then o~ ! :ai‘z:x—yi\/BeR, and a € R*.
e |a|? =4 then b* =1 and b € R*.

e |a]? = 2 gives contradiction: |a|?> = 2% +5y? =2 = (z + (5))? = 2 € Zs.
Impossible.

This shows that 2 is irreducible in Z[iv/5]. O
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Hence Z[iv/5] not PID so not Euclidean.

Proposition 4.1.6. R domain. 0 # p € R prime iff % domain.

Proof. (=) Suppose (r1+(p))(r2+(p)) = (p) then rir2+(p) = (p) so r1r2 € (p)
ﬁ plrira = plr1 or plra.

Therefore by either r; € (p) or 7o € (p). Hence (%) has no zero
divisors, so is domain (is clearly a ring).

(<) % domain so has no zero divisors, sop = riry = (11 + (p))(r2 + (p)) = (p)-
Therefore either 71 € (p) or ro € (p) = p|r1 or p|re = p prime. O

4.2 UFDs

Definition 52. Domain R is factorisation domain (FD) if each z € R\ (R*U{0})
admits factorisation x = ryry...r, where r; irreducible.

Definition 53. FD R is unique factorisation domain (UFD) if for any two
factorisations of x € R, x =mro...7y, = 8182... 8y (7,8, irreducible) then
m=mnand 30 €S, s.t. r; ~ 853y Vi.

Proposition 4.2.1. Let R be FD. Then R is UFD iff every irreducible element
18 prime.

Proof. (=) Let x be irreducible s.t. x|ab. Let a = 71 ...7%, b = rgq1...70
get factorisation ab = ry...r,. Also ab = zy. Let y = s1... s, then get
ab=1xsy...58;. RUFD so x ~ r; some i. If i <k then x|a. If i > k then
x|b so x prime.

(<) Let
T=T1...Tp =81...8m (1)
Induction on n.
If n =1 then x = ry irreducible, result follows.

If done for n — 1 then r,|s;...8,. r, prime so divides some s;. Hence

rn = @qs; some ¢ € R*. Then gry...rp—17n = S1...8-18i4+1---5mS;
by . This gives gry...7Tp—1 = S1...8;-1Si+1 - .- Sm and by induction
assumption, m —1 =n — 1, each r; ~ s; some j. O

Theorem 4.2.2. A PID is a UFD.

Proof. IDEA: SHOW R 1S FD BY DEFINING ITERATIVE PROCESS AND PROVE
IT MUST TERMINATE AT SOME STAGE.

In PIDs all irreducibles are prime by |4.1.5] and then if R is FD, by R must be
UFD. Have to factorise x € R\ (R* U{0}). If x irreducible we are done. If not
we can write £ = x1,121,2 where x; ; are not units.
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Suppose after n steps we have @ = zp, 12y 2 . .. Tp, Where none of the z,, ; units.
If x,,; irreducible V7 then we have factorisation of 2 and the process stops.

If not pick all z, ; not irreducible, write as 5, ; = Tn41,i%Tn+1,i+1 Where Tp41 ;
not units and repeat the process.

Suppose the process does not terminate for some x € R. We then get a set of
decompositions * = &y, 1Tp2 ... Tp,k, for each n € N. Think of the process of a
binary tree branching out wherever x; ; not irreducible. Process non-terminating
so have infinite path through this tree. Let y, = =, ; be element of this path at
level n. yg = x. Then

Yt L yn | Ty o
so we get the proper inclusions
co o (Unt1) D (yn) D -+ 2 (1) O (vo)-
Their union, I = J,~,(y») is an ideal. R is PID so I = (d) some d € R.
Then d € (y,,) some n, so I = (d) C (y,). Hence

I'=(d) = (yn) = (Ynt+1) = - ..

contradicting the fact that all the inclusions of ideals were proper. Therefore
the process must terminate and R is FD. O

4.3 Primes in Flz], Z][i]

Proposition 4.3.1 (Remainder theorem). Let f = f(x) € Flz]. If f(a) =0
some a € F then x — a divides f.

Proof. f(z) = g(x)(x —a) +r, degr < 1 sor € F. Substitute x = a to get
0= f(a)=r. O

Definition 54. Field F is algebraically closed itV f(x) € F[z] of degree at least
13a€F st f(a)=0.

Proposition 4.3.2. If F algebraically closed then primes in Fx] are x — a as
a runs over F'.

Proof. x — a irreducible since any divisors must have degree 0 or 1. If a divisor
has degree:

e ( then it is a unit.

e 1 then it is associate to x — a.

Flz]* = F*, so x — a associate only to bx —ab Vb € F*. Hence (x —ay » x —ay
if a1 # ay). If f € Flz] prime, deg(f) < 1. F algebraically closed so 3a € F
st. f(a)=0. Byd3.ll z—al| fso f~z—a. O

Theorem 4.3.3. F a field. Then any finite subgroup of F* is cyclic group.
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Proof. G finite abelian group, so by Algebra I, G =2 C,, X --- x Cp,  where
ny | ng |-+ | gy orders of Gy, ..., Cp.,and |G| = N =ning ... 0y,

Suppose G not cyclic. Then n,, < N (i.e. there are at least two elements in
the above decomposition). Then Vg € G, g"™ = 1. Therefore the polynomial
f(z) = a™ — 1 € Flx] has each of the N elements of G as a root.

=VYaedG, (r—a)| f(z). v —ais prime and F[z] is UFD, so

[]@—a)| fa).

acG

This is a contradiction. A polynomial of degree N cannot divide a polynomial
of degree n,, < N. O

Corollary 4.3.4. Z; cyclic of order p — 1.

4.4 Gaussian primes

Definition 55. The primes in Z[i] as called Gaussian primes.

Recall that in Z[i] the norm v(x) = |z|2. If z|y in Z[i] then v(z)|v(y) in Z.

Proposition 4.4.1. If for x € Z[i], v(x) is prime in Z then x is Gaussian
prime.

Proof. By and the fact that Z[i] is UFD it suffices to show that z is irreducible.

Suppose y|z. Then v(y)jv(z) =p € Zsov(y) =por 1. If v(y) = p then y ~ x.
If v(y) = 1 then y a unit. O

Proposition 4.4.2. Let p € 7Z prime. Then either p is Gaussian prime or
p = xT where x is Gaussian prime.

Proof. If p not Gaussian prime then 3 Gaussian prime z s.t. p = xy and neither
x nor y a unit. Hence v(x)v(y) = v(p) = p?>. Then v(z) = v(y) = p so z,y

prime by [£.41]
Z=21a 'v(z)= <y>p:y. O

p
Proposition 4.4.3. Let q € Z[i] Gaussian prime. Then v(q) is either prime
or square of prime.
Proof. Let n = v(q) = ¢qg. Take decomposition of n into primesinZ, n = py ... p;.

Then ¢ | p; in Z[i] some j. O

Theorem 4.4.4. Primes in Z[i] obtained from primes in Z. Vp € Z, p = 3
(mod 4) Gaussian prime. p = 2 gives Gaussian prime q s.t. 2 ~ ¢>. FEach
PEZ, p=1 (mod 4) give two conjugate Gaussian primes q, § s.t. p = ¢q.
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Proof. By have two cases. If ¢ is Gaussian prime then either v(¢) = p or
v(q) = p? some prime p € Z.

e Suppose ¢ s.t. p = v(q) prime. Then p gives two Gaussian primes, ¢, g
with p = g7 = v(q).

e Suppose ¢ s.t. v(g) = p? some prime p. Then ¢ | p in Z[i], pick s s.t.
— lnl

o = 1, s a unit. Then g ~ p O

p = ¢s. Then |s|

Corollary 4.4.5 (Fermat). Every prime congruent 1 mod 4 sum of integer
squares in unique way.

Proof. Existence by If p=a2? +y? = a® + b? then p = (x +iy)(x — iy) =
(a + b)(a — ib) both prime decompositions in Z[i]. Z[i] UFD. O

Corollary 4.4.6. There are co-many primes congruent 1 mod 4.

Proof. Suppose only exist py,...,p, prime in Z. Let pg = 2, ¢q¢ = 1+ 14,
pj = ¢;q; prime decomposition of p;. Consider prime decomposition of z =
2p1ps .. .pn + 1 € Z[i]. No prime p € Z congruent 3 mod 4 divides z since % has
1 as coefficient of i, so not in Z[i]. Hence one of Gaussian primes g; divides .

Hence p; = v(q;) | v(z) = 4p3p3 ... p2 + 1. Contradiction. O

4.5 Fractions

Definition 56. R domain, W = R x (R\ {0}). Equivalence relation (a,b) ~
(¢,d) whenever ad = be. Equivalence class of (a,b) called a fraction denoted %.
Let @ = Q(R) set of all equivalence classes on W.

Proposition 4.5.1. If R domain then Q(R) a field under the operations addi-
tion and multiplication (defined as for reqular fractions). Also m: R — Q(R),
n(r) = § injective ring homomorphism.

Proof. Need to show:

e operations well defined,
e satisfies field axioms,

e 7 injective hom.

Operations well defined:

Denominators non-zero as R domain. Given § = i, 5 = 1. Then:

w"

e ay = bz, cw = du = acyw = bdrxu = %:%.
o adyw — bdrzw = dw(ay — bx) = 0, bdyu — beyw = by(du — cw) = 0 =
ad+bc TWHyu

adyw — bdxw = bdyu — beyw —> 7
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Field axioms:

.(%+§)+%:adgbc+?:%rg+w:%+%§de:%+(ﬁ+?).
N e et B
00:%
ORE
.(g.£>.§_%.e:@_g.g:g.(g.z)
b d) F " bvd f bdf b df b \d TF)
* L daT b= d b
01:%

® (%)_1:%@:0 <~ a-1=0-0 < %:%:0,

o (§+E) gl poakie syl ocuge
Ring homomorphism since m(1g) = 1 = 1g. w(zy) = zq—y =7+
T

mr+y) = =24 =qn(@)+n(y). veker(n) < 2=0 = z-1=

0-1 <= z=0. O
Definition 57. Q = Q(R) called field of fractions of domain R.

Example 9. Q(Z) = Q.

Proposition 4.5.2. If R is ED then any element of Q(R) can be represented

T . . . .
as 4+ Zj pTJj where r,75,p; € R, n; € N, p; pairwise non-associate primes.
j

4.6 Gauss’ lemma

Definition 58. Polynomial f(x) called

e monic if coefficient of highest degree term is 1.
o primitive if ged of all coefficients of f(x) is 1.

Theorem 4.6.1. Let R be UFD with field of fractions Q = Q(R). If f = gh € R[x]
some g,h € Qlz] then Ja,b € Q s.t. §=ag € R[z], h=">bh € R[z] and f = gh.

Proof. Let a; be lem of all denominators of coefficients of g(z), as ged of all
coefficients of a1g(z), a = ¢+ € Q(R). Define g = ag € Rlz]. Similarly
h = bh € R[z]. §, h primitive. Hence f = %giz and vf = ugh some u,v € R.
ged(u,v) = 1.

Suffices to prove v € R*. Suppose not. Then I p € R prime, p | v. Consider
ring hom =7: R[z] — %[wL T (X, are®) = Y(ar + (p))z*. 7(v) = 0 so
m(0)n(f) = 7(w)m(@)m(h). L[z] domain so ome of 7(u),w(7),(h) = 0 This is
a contradiction:
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e 7(u) # 0 since p { u since ged(u,v) = 1.
e 7(§) # 0 # 7(h) since these polynomials are primitive. O

Corollary 4.6.2. If R is UFD then are two types of primes in R[x]: primes in
R and primitive elements in R[x] that are prime in Q[z].

Corollary 4.6.3. R is UFD = Rlx] is UFD.

Corollary 4.6.4. F field then Flxy,...,x,] is UFD.

Proof. Induction on n. If n =1 F[z] is ED, so PID, so UFD. If true for n — 1
observe Flx1,...,xn] = Flx1,...,Tn_1][s] also UFD by O

Corollary 4.6.5. Z[z1,...,x,] is UFD.

Proof. Induction of n. If n =1 Zz] is UFD by since Z is ED so PID so
UFD. Suppose true for n —1 then Z[z1,...,x,] 2 Z[z1,...,2n_1][z,] also UFD

by {.6.3] O

4.7 Polynomial factorisation

Proposition 4.7.1 (Eisenstein’s Criterion). Let R be UFD. f(z) = Y _, axz* € R[z].
Assume 3 primep € R s.t. plar Yk <n, pfan, p*1{ao. If gedrar = 1 then
f(z) irreducible in R[x).

Proof. Factorisation with one polynomial of zero degree impossible as coeffi-
. . . o t
cients no common divisors. Suppose f(z) = >, _, apz® = (3L, bra®) (Zk:o ck$k>

both of non-zero degree. Then a; = > brcs Vk.

r+s=k
p | ag = boco divides either by or ¢y but not both as p?  ag. W.lo.g. p | bo,
p 1 co.
Induction: p|b; V0 <j<m <n. Suppose done Vj <. Then

bico = a; — (bl_101 +bi_1c0 + .. )

p | each term in RHS so p | bjco. p 1 co so p | bj. Hence p | an = bpct.
Contradiction. Therefore f is irreducible in R[z]. O

Example 10. p prime in R = 2™ + p prime in R[z] Vn.
Proof. p | ag, ptan, p*{ag. ged(p,1) =1 = 2" +1 irreducible in R[z] = 2" +1
prime as R[x] is UFD. O

Proposition 4.7.2. Let R be PID. If p € R prime then % field.

Proof. % domain by Need inverse for non-zero z + (p) € (%. x+(p)#0

so p { x. p prime so ged(z,p) = 1. (z) + (p) = (ged(z,p)) so Ta,b € R s.t.
1 = axz + bp. Hence (er(p))’l:aqL(p)G(%). O
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4.8 Polynomial quotients

Proposition 4.8.1. F field ,f = f(x) € F[z] irreducible. Field % contains
root of f(x).

Proof. Root of f(z) in % isa=xz+(f). If f(x) =D 4_, axz" then

fla) =) ar@® + (M) =D awa® + () =f+(f) =0. O
k=0 k=0
Corollary 4.8.2. For any field F, polynomial f € F[x] 3 field K s.t.

1. K D F as subring,
2. K finite dimensional vector space over F,

3. f(x) factorises into linear polynomials in K|z].

Proof. Induction on n = deg(f). If n = 1 take K = F. Assume true for
n — 1. Then 3 field L > F s.t. L contains root « of f, L finite dimensional

vector space over F' by [4.8.1] Induction for (i EI;) and L, arrive at required K.

Corollary 4.8.3. Any field F, matriz A € M, (F) 3 field K s.t.

1. K D F as subring,
2. K finite dimensional vector space over F,

3. A has eigenvector in K™ and JNF in M, (K).

Theorem 4.8.4 (Chinese remainder theorem for polynomials). Let F field,
feFz]. If f=4q7"...q% irreducible factorisation in F|x] then

¢h+(f) = (h+(g"), - h+ (43"))

ring isomorphism between % and L]

()

Flz]
(an™) "

X e X

Proof. Ring homomorphism ¢: F[z] — [], %, é(h) = (h4+(¢7"), ..., h+(g%))
has kernel those h(z) divisible by all ¢, i.e. (f). By first isomorphism (2.4.4])

f}@ >~ im(v)).

¢, linear maps of vector spaces over F' and ?}7517 (Z;[Lf]) X o-ee X (Irjfgi}) same

dimension: deg(f). O
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4.9 Application to linear maps

Definition 59 (Idempotents). F field, f = ¢j*...q¢%" € F|x] factorised into

distinct irreducible elements in F[z]. Let 1; be identity element of (F([Lf]). Then
9

e; =(0,...,0,1,0,...,0) € IE%] called idempotents.

Proposition 4.9.1. Idempotents e; satisfy

1. Z;.L:lej =1
2. €j €5 =65

3. 67;'63‘:0 Z#]

V vector space over F', dim n. Pick v € V, linear map
mo: Flz] =V, my(h(z)) = (x(T))(v).

Proposition 4.9.2. ker(m,) non-zero ideal.

Proof. m, linear maps so kernel is vector subspace. F[z] infinite dim, V finite
dim, so non-zero kernel. RTP kernel ideal:

h € ker(m,) =
™o (fh) = f(T)(W(T)(v))
= f(T)(0) =0 = fh € ker(m,). O

Definition 60. Minimal polynomial of T at v pyr s.t. (py,r) = ker(m,).

o, | BT -

Definition 61. Characteristic polynomial of T:V — V, xp(z) = det(A — «I)
where A matrix of T'.

Consider R = (FX[;”) Vre R, r(T): V —V well defined. xr = ¢7"...q%" prime

factorisation of xp in F[z], e; corresponding idempotents in R. Let
Vi=V(f)={veV: (¢ (D)) =0t ={veV:ipr|qg'} <V

Definition 62. V; as defined above primary component of V.

Proposition 4.9.3 (Primary decomposition). V; image of e;(T) and
V=Vie -V,

4.10 Cyeclic vector spaces

Definition 63. (V,T) where V finite dimensional vector space over F, T: V — V
linear called cyclic vector space if 3 polynomial f(z) € F[z] and linear bijection

¥ f}ﬂg] —V st

P(he + (f) =T (h+(f) VheF[z].
Theorem 4.10.1. (V,T) cyclic iff ur ~ xr.
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