MA225 Differentiation

[an Rogers*

May 21, 2007

Contents

2.2 Properties of difterentiable functions| . . . . . . ... .. ... ..
2.3 Sufhcient condition for differentiability| . . . . . . . .. ... ...
2.4 Properties of the differential . . . . . .. ... ... ... ... ..

13 Implicit Function Theorem|

3.1 Simple version of Implicit Function Theorem| . . . .. .. .. ..

3.2 Contraction Mapping Theorem| . . . . . . ... ... ... ....

3.3 Lipschitz continuous| . . . . . ... ... ... ... ...
3.4 Implicit Function Theorem| . . . . ... .. ... ... ......

4 Applications|

4.1 Derivatives of higher order|. . . . . . . . ... ... ... . ....
4.2 Taylor formula] . . . ... ... oo oo
4.3 Critical points|. . . . . . . ... o

*Based on the lectures of Dr Vassili Gelfreich

10
10
11
13
13
13
14



DIFFERENTIATION 1 CONTINUOUS FUNCTIONS ON R¥

1 Continuous functions on R"

1.1 Norms and distances on R"

Definition 1.1.1. || ||, || || equivalent if I A1, A2 > 0s.t. Yx € R”

Il < Al
" < Aaflx]

Theorem 1.1.2. All norms on R™ equivalent.
Definition 1.1.3 (Operator Norm). T € L(R",R™)

I Tllop = sup || Tx]|
e

Definition 1.1.4. Open ball B(xg,¢) = {x € R™: ||x — x¢|| < &}

1.2 Continuity

Definition 1.2.1. A CR"™. f: A — RP continuous at xg € Aif Ve >036 >0
st. (z €A, ||x—x0l| <9) = |If(x) — f(x)|l <e.

Proposition 1.2.2. f: A — RP is continuous at xg € A iff every component
of f is continuous at Xg.

Example 1.2.3. f: R?2 = R

flay) = {+ (z,) # (0,0)

0 (z,y) = (0,0)
is:
e continuous function of z Vy

e continuous function of y V z

e not continuous at (0,0)

1.3 Sequentially compact set

Definition 1.3.1. e UCR" open if Vx e U Je > 0s.t. B(x,e) CU.
e Z CR" closed if R™ \ Z is open.
Proposition 1.3.2. Z C R" closed iff every convergent sequence in Z has limit

m 7.

Proof. (=) Z closed. Consider convergent sequence (Xx;) C Z. a = limg_, o, xj € R™.
Ve>03K st [[x—al]|<e Vk>K. Suppose ag Z. Thena € R"\ Z
open, so 3&¢ > 0 s.t. Ba,e) C R™\ Z. Contradiction from above.
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(<) Suppose Z not closed = R™ \ Z not open = Ja € R"\ Z st. Ve >0

B(a,e)NZ # 0.
Vk B(a,1)NZ+#0 take x;, in this intersection.
(xx) C Z and limg_. o xx = a ¢ Z. Contradiction. O

Definition 1.3.3. Set X sequentially compact if every sequence in X has con-
vergent subsequence (which converges to a point of X).

Proposition 1.3.4. Every bounded sequence in R has convergent subsequence.

Proof. (Lion Hunting) Sequence bounded = J¢,d € Rs.t. ¢ <z; < d Vi.

c+d c+d
e e = [ 224 24

Take x;, to be any element of (z;).

I = [c,c+d} or [Cer,d]
2 2

and contains co-many x;. Let z;; € I} with ¢; > 4.

Repeat. Length I}, = d;,f P 0 so x; converges. O
—00

Theorem 1.3.5. X C R" sequentially compact iff X closed and bounded.

Proof. (=) Take convergent sequence in X. Any subsequence converges to
same limit, which is in X.

By proposition[I:3:2] X is closed. If X not bounded then VK € N 3xx € X
s.t. ||lxx|| > K. Any subsequence not bounded. X sequentially compact
= 3 convergent subsequence of (x;). Contradiction so X bounded.

(<) X closed, bounded. Take (x) C X. (xi) bounded. x = (zx[1],...,zk[n]).

zp[j]€R j=1,...,n. By prop 3 subsequence s.t. xy,[1] converges.
Consider (xy, )i,

From these 3 subseqence s.t. 2nd component converges, ..., so subse-
quence s.t. all components converges. Limit in X as X closed, so X
sequentially compact. O

1.4 Extreme Value Theorem

Proposition 1.4.1. X C R" sequentially compact and f: X — RP continuous
then f(X) sequentially compact.

Proof. y; € f(X) sequence. Vi 3x; € X s.t. y; = f(x;). X sequentially
compact so 3 x;, convergent, limy_, x;, =a € X.

Vi, = f(xi,). f continuous = lim;_, f(x;,) = f(a) € f(X). Hence f(X)
sequentially compact. O
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Theorem 1.4.2 (Extreme Value Theorem). If X C R"™ sequentially compact
and f: X — R continuous, then f bounded and attains bounds.

Proof. = f(X) sequentially compact . f(X) closed, bounded. Hence
a=sup f(X)€R. VneNITy, € f(X)st. y, >a— 1.

yn converges to a. f(X) sequentially compact so a € f(X), hence I3xg € X s.t.
a= f(xo).
f(xo) =sup f(X) <= VxeX, f(x) < f(xo)

O

Definition 1.4.3. S"7! = {x: ||x||2 = 1} C R" closed and bounded so sequen-
tially compact.

2 Differentiation

2.1 Derivatives
2.1.1 Little o notation
¢: R =R, p(h) = o(h) if lim_o 2" = 0.

Proposition 2.1.1. f: R — R is diff at xo € R iff 3a € R s.t.

f(@o+h) = f(xo) + ah+(x0,h)  (p(xo,h) = o(h))

Proof. (=) f diff at 2o = a = limy_¢ %H(IO)
Let ¢(zo,h) = f(zo + h) — f(z0) — ah.

lim M — lim f(xO + h) - f(ﬂ?o) —ah

h—0 h h—0 h
iy f@0 ) — flzo)
h—0 h
=0
(<)
f(xzo+h)— f(zo) ah—@(xo,h) o(x0,h)
= =a+
h h h
————
—0
h—0
so limit exists. O
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Definition 2.1.2 (Partial derivatives). f: R” — R x € R™.

of ‘m flw1+h,xo, ... 2) — f(x)

Definition 2.1.3. f: R" — RP x¢ € R”, v € R*. If lim;_q w
exists is called derivative of f in direction v at xg.

Definition 2.1.4. X C R"™ open. f: X — RP is differentiable at xo € X if 3
linear dy, f: R™ — RP (the differential) s.t.

f(x0+h) = f(x0) + dx, f(h) + a(xo,h)  (a(xo,h) = o(h))
Proposition 2.1.5. T: R™ — RP is linear. Then T is diff at each x9 € R™ and
de, T =T.

Proof. Let L=T

lim T(xo+h) —T(x0) = L(h) _ lim T(x0) — T(x0) +T'(h) — L(h)

=0 O
h—0 Ikl h—0 sy

Proposition 2.1.6 (Uniqueness of differential). If dx, f exists it is unique.

Proof. Suppose 3L, L: R™ — RP? linear s.t.

f(x0 +h) = f(x0) + L(h
= f(xo) + L(h) + &(xg, h)

+
2
»
4
=

where a,a = o(h). 0= L(h) — L(h) + a(xo, h) — é@(xo, h),
so L(h) — L(h) = a(x0,h) — a(xp, h).

Consider 0 #y € R". h, = X.

n

L(y) - L(y)

L(rh,) — L(nh,)

(L(hn) = L(hy))
(~(X07hn) - Oé(X(),hn))
_ ~(X05 hn) - a(X07hn)

- .|| Iyl

—s 0
n—oo

n
n
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2.2 Properties of differentiable functions

Throughout X C R™ open.

Proposition 2.2.1. f: X — RP s diff at xo € X iff each component of
f="(f,---,fp) is diff at xo.

Proof.
f(x0+h) = f(x0) + L(h) + a(xo,h) (a(xo,h) = o(h))
—
fZ(X0+h) = fl(Xo) +L1(h)+041<X0,h) Vi
where a;(xg,h) = o(h). O

Proposition 2.2.2. If f: X — RP is diff at xqg € X then f is continuous at
X0-

Proof. Fix e >0

[1f (%0 +h) — f(x0)[| = |L(h) + a(x0, h)]
< L) + [la(xo, h)]]

o =o(h) so 361 s.t. [ < b = ¢l <

i Assume §; < 1, so

=
.
€ €
B < 81 = oo )] < 5] < 5
|IL(h)|| < ||Lllop|lh] < § provided [/h|| < d2 where 02 < M -
Let § = min{d1,d2}. If ||h|| < § then

| f(x0 +h) — f(x0)[| < [|L(h
<is

) =+ lla(xo, h)||
% € O

Proposition 2.2.3. If f: X — RP diff at xg € X then 3 derivative of f in
direction v at xog Vv € R™. Moreover Dy f(xg) = dx, f(V).

Proof. v € R™. fdiff <= f(xo+h) = f(x0)+L(h)+a(xg, h) where & = o(h).
Let h = tv.

f(xo+1tv) — f(xo)  L(tv) N a(xg,tv)

t ot t
a(Xg, tv
as L linear.
t t
tim Q00 Y) gy 200 V)
t—o t t—0 ||¢v]|
so limy_.q M exists, and equals L(v). O
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Corollary 2.2.4. If f: X — R diff at xg € X then each of partial derivatives
exist at xg. Moreover

dxo f(h) = <Vf(X0)a h>
Corollary 2.2.5. If f: X — RP diff at xg € X then

Lxo) ... FE(x0)\ (M
dx, f(h) = : : :
?TJ,:I;(X()) . %(Xo) hn

Definition 2.2.6.

(&),
833] =1,...,p; j=1,...,n

called Jacobian matriz of f.

2.3 Sufficient condition for differentiability

Example 2.3.1 (Function has all partial derivatives on R? but not diff at 0).

o[ @) £ 00
fz,y) {0 (1) = (0,0)
of _ y 2%y

T‘Ty_m

Ow L(2,0)=0 V. Similarly for 2 T so 3 partial derivative V x € R2.

Diff = cts, but f not cts at O.

Proposition 2.3.2. Let f: X — R. If all 1st order partial derivatives of f
exist and are cts in a neighbourhood of x € X, then f is diff at x.

Proof. 3& >0 s.t. ;—f .., 2L cts in B(x,e). Take any h € R, ||h| < e.

Ty ? Oy

fx+h)— f(x) = f(z1 + hi,22+ ho, ..., @y + hy) — f(21,...,20)
= f(z1 4+ h1, 22+ hoy. .. @y + hy) — f(z1, 22 + hoy o ooy 2 + hy)
+ f(zr, 22+ hay ooy @y + hy) — f(x1, 22,23 + Ry, .oy @0 + hp)
+ f(z1, 29,23 + h3y ..., 2n + hy) —
+ f(

xlax%"'vl'nflvxn"_hn)_f(xla"'vxn)

Apply MVT to each line above

0

= 67:51(5171'2 +h2,...71‘n +hn)h1
0

+ 7f($17§2a$3 +h3, ... Ty + hy)ho
3:52

+...

+ T%(xlyf% .. -axn—lagn)hn



DIFFERENTIATION 2 DIFFERENTIATION

for & € [ws, 25 + hy].

Fx+h) = f(x) = (Vf(x),h) + > aifx.b)

where Oéi(X, h) = (%(%1, . ,xi_l,fi,xiﬂ + hi—i—l; ey T+ hn) — %(X)) hi.
loi(x, )| %(:}ch ces Tim1, &0 Tig1 F Mgty T+ By) — %(X)’ |h]
[ ]
0 9 h,
< ‘85 (1, i1, & T + Ry oo T+ hy) — (’9mf- (X)’ [as |||h||| <1
RN O
h—0
as a% cts, so a;(x,h) =o(h) Vi.
Let dy f(h) = (Vf(x),h) (linear). L)
Corollary 2.3.3. f: X — RP. If all partial derivatives gg; i=1,...,pj=1,...,n

exist and are cts on X then

1. f diff at each x € X.

2. The map X — L(R™ RP) x +— dyf is cts.

2.4 Properties of the differential

2.4.1 Basic properties

Proposition 2.4.1 (Linearity). f,g: X — RP, a,b € R. If f,g diff at x € X,

then af + bg also diff at x and

[dx(af +bg) = adsf + bdxg |

Proof. X open = Je > 0s.t. B(x,e) C X. Take h € R" s.t. ||h]|

af(x+h)+bg(x+h)

a(f(x) +dxf(h) +af(x,h)) +b(g(x) +

< €.

dxg(h) + ag(x, h))

af(x) +bg(x) + adx f(h) + bdxg(h) + aay + bay

const linear in h =o(h)

Proposition 2.4.2 (Product rule). If f,g: X — RP diff at x € X
at x and

|dx(f9) = F(X)dxg + g(x)dx] |

O

then fg diff
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Proposition 2.4.3 (Quotient rule). If f,g: X — R (not RP as no division
here) diff at x € X and g(x) # 0 then é diff at x with

f = 1 X — X
(1) = i (0000 = Fx)r)

Theorem 2.4.4 (Chain rule). X C R™ open, Y C RP open. If f: X — RP diff
atxe€ X, g: Y >R diff at y = f(x) then go f diff at x € X and

’ dx(go f) = dyx)godxf \

Proof. X, Y openso3dd>0st. B(x,0) CX. fectsso f((x,0)) CY.
Take h € R”, ||h|| < 4. Let y = f(x), Ay = f(x+h) — f(x).
9(f(x+h)) —g(f(x)) = g(y + Ay) — 9(y)

gjiﬁ dyg(Ay) + a4y, Ay) (1)
ag = 0o(Ay).
Ay mp GBS () +ap(xh) (2)
ay = o(h).
Substitute into :

g(f(x+h)) —g(f(x)) = (dyg o dx f)(h) + dyg(as(x,h)) + a,(y, Ay)
Let dyg(ar(x,h)) + agz(y, Ay) = agor(x,h).
RTP a0 = o(h)

ldyg(ay(x,h))l oy (x,h)||
PSS < [ldygllop T
]l ——  |h]
const
v

so dyg(ays(x,h)) = o(h).
Now to show ay(y,Ay) = o(h).
[Ay[l =11/ (x+h) = f(x)]]
= [|dxf(h) + af(x, h)||
< ldxf (D) [l + [y (x, D)l
< ldxfllop bl + flevy (3, 1)

arh) 503> 0 st

il Lo
h
oGl -
[l

For these h,

[Ay[l < (1 +dxfllop) [Ih]

—_———

We have then that ay(y, Ay) = o(Ay) = o(ch) = o(h). O
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Proposition 2.4.5 (Differential of inverse function). X, Y C R" open. f: X - Y
invertible. If f diff at x € X and f~! diff aty = f(x) €Y then

dyf~' = (dxf) ™"

Proof. f~'o f = linear, so dxt = ¢, 50 dx(f Lo f) = 1.

Chain rule = dy f~! o dxf = ¢ = dx [ invertible linear map, inverse dy f~'. O

2.4.2 Notation

f € CH{X,R) means f diff on X, takes scalar values, 8(% all cts.
Vx,heR" [x,x+h]={x+th:te]0,1]}.

Theorem 2.4.6 (MVT). X CR" open, [x,x+h] C X. If f € C}(X,R) then
J€ € [x,x+h] s.t.

| /(x+h) = f(x) = df(h) |

Corollary 2.4.7. f € C1(X,R) and dxf =0 Vx € X then f locally constant.

Proof. Vx € X Je>0s.t.B(x,e) C X. ThenV|h| <e [x,x+h]C B(x,¢).

MVT (theorem [2.4.6) = f(x + h) — f(x) = def(h) = 0 so f constant on
B(x,¢). O

Remark 2.4.8. f not necessarily constant on X, e.g. if X disconnected.

3 Implicit Function Theorem

3.1 Simple version of Implicit Function Theorem

Proposition 3.1.1. If F € C1(R% R) and F(xo,y0) = 0, %(mo,yo) #0, then
350,50 >0 andg € ct (B(l‘o,éo),B(yo,So)) s.t. Vo € B(Io,(SQ), Vy S B(yo,Eo)

F(r,y) =0 < y=g(z)

Proof. Assume %—g(xo,yo) > 0. %—5 cts = Jep > 0s.t. Va,y € B((x0,%0),€0),

OF

Sy (@, y) > 0. That is, F'(2o,y) is monotone function of y and F(xo, yo) = 0.

Then F(Io,y0+50) > 0, F(xo,yo—é‘o) < 0. F ctsso 31 > 0 s.t. ‘.73—1‘0| <
= F(z,y0 +€0) >0, F(z,y0 — o) <0.

Let o = min{d1,e0}. Then |z — x0|do, |y — yo| < c0 =

oF
F(l',y()+€0) >0> F(l‘,yo 780)

Va € B(xo,00) Iy € B(yo,co0) s.t. F(z,y) =0. Let g(x) :=y.

10
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Show that g is continuous: Consider x € B(xg,d0). Take ¢ > 0. Let y = g(x)
whenever F'(z,y) = 0.

aF(x y) > 0= F(z,y+¢e)>0> F(x,y —e).
Fiscts = 36 > 0s.t.

T —z|<d= F(Z,y+e)>0>F(Z,y—e).

Consequently 3¢ € (y — e,y + €) s.t. F(Z,y) = 0. By uniqueness § = g(Z), so

g(z) —e < g(7) < g(x) +e = [9(T) —g(2)| <e =

g is cts.
Show that gis C': z,7 € B(zg,dp). Let y = g( ) g=g(&). F(z,y) = F(z,9) = 0.
Hence F'(z,y)—F(%,§) = 0so by MVT RA4.6) 3¢ € [(2,y), (2.9)] = [(z.9(2)) (7, 9(2))]
s.t.
0 0
5o € =)+ 5 €5 —) =0
Hence
g'(z) = lim (9(2 = i(x))
= —lim (%(g))
AN 1)
5L (z,9(x))
= _ 0z 3
5L(w, g(@)) )
so ¢’ exists and is cts since is cts. [

3.2 Contraction Mapping Theorem

Definition 3.2.1. X a metric space. f: X — X is contraction if 3¢ < 1 s.t.

d(f(z), f(y)) <cd(z,y) Va#y
Theorem 3.2.2 (Contraction mapping) If X complete metric space, f: X — X

a contraction, then ’ AneX st fln)= 77‘

Sketch proof. Show uniqueness: Suppose 311 = f(n1) # n2 = f(n2)
d(m1,m2) = d(f(m), f(n2)) < ed(n1,72)

Contradiction.

Show existence: Take zg € X. zp41 = f(z,). [ contraction gives (z,)%2
Cauchy. f complete = I n = lim,,_, o0 Tp.

Contractions Lipschitz, so cts, so can swap lim, f.

n=lim 2,4 = lim f(z,) = f ( lim xn) =f(n) O

n—oo

11
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3.2.1 Families of contractions

H:SxY —Y,S Y metric spaces.
H(s,y) =: hs(y). For fixed s € S have hy: Y — Y.
Call s a parameter, hs a family of maps.

Definition 3.2.3. If Vs € S, hs: Y — Y is contraction with single contraction
constant 0 < c <1

e hg a uniform family of contractions.

e ¢ uniform contraction constant.

Corollary 3.2.4. B=B(b,r) CY, hs: Y — Y uniform family of contractions
with unif contraction const ¢ < 1.

o d(bhs(b)) < (l—c)r VsesS.

o Vy € B s— hs(y) is cts.
Then

1. hg(B)C B VseS
2.Vse S 3An,=hsns) €B

3. map S — B, s+ 1y cts.

Proof. 1. z € B(b,r).

d(b,hs(b)) < (1 —c)r = d(hs(2),b) <cr+(1—c)r=r
2. Follows from CMT (theorem |3.2.2]).
3. 8,50 €5 = Ns = hs(ns)7 Nsqg = hso(nso) -

d(nSO ? 778) = d(hS (n5)7 hSO (nSD))
d(hs(ns), hsy (ns)) + d(hsg (1) + Pse (1150))
d(hs(ns) + hsy (ns)) + cd(ns, 1s,)

VANRVAN

ﬂ |

1
d(hsy(ns),ns) — 0

1-— C s$—380

IA

d(ns, 7750)

S hs(y) cts — hs(nso) - hSo (7780) =MNsg = d(nsovns) — 0 O

S— 8o

12



DIFFERENTIATION 3 IMPLICIT FUNCTION THEOREM

3.3 Lipschitz continuous

Definition 3.3.1. X CR", f: X — RP Lipschitz cts if M > 0s.t. Vx,y € X
1f(x) = f)Il < Mx -yl

M Lipschitz constant.

Proposition 3.3.2. X CR" convez, f € C*(X,RP). If M = sup,cx ||dxfllop < 0
then f is Lipschitz with Lipschitz constant M.

Proof. g: [0,1] — RP, g(t) = f((1 — t)x + ty). X convex so line belongs to X,
so g diff.

fy) =) )

o(1) — g0

/Olg’(t)dt

_

1£) — Fl = H / 1g’<t>dtH
</ g

< sup [lg'(t)]|
te(0,1]

Chain rule: ¢'(t) = dq—tyxtty f(y —X) =

Hg/(t)H = Hd(lft)ertyf(y - X)”
< N —tyxrty flloplly — x|
< Mlly — x| O

3.4 Implicit Function Theorem

Theorem 3.4.1 (Implicit Function Thm). X C R", Y C RP open,
F:XxY —=RPisCl,ac X,beY. c:=F(a,b), fx(y) = F(x,y).

If dpfa is invertible linear map then I ri,ry > 0 and C!
g: B(a,r1) — B(b,rs) s.t.

F(ny):C — y:g(X) VXGB(aarl)aVyeB(baTZ)

3.5 Inverse Function Theorem

Theorem 3.5.1 (Inverse Function Thm). X C R™ open, f: X — R",
feC, xo € X, dy, f invertible linear.

Then 3 neighbourhood U of xg and V' of f(x¢) s.t. f: U — V invertible and
LV = UisC.

13
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Proof. Let F(x,y) = f(y) —x,a = f(x¢),b = x9. f € C' = F € CL.
F(a,b)=0.

Let fx(y) = F(x,y) = f(y) —x so dy fx = dp f is invertible.

By ImFT (theorem|3.4.1) Iry, 75 > 0,9 € Ct (B(a,r1), B(b, 1)) s.t. Vx € B(a,r1),
Vy € B(b,m2); F(x,y) =0 < y = g(x).

F(x,y) =0 <= x=f(y)sog=f"'. Let V.= B(f(x0),m1), U=g(V). DO
Remark 3.5.2. f € CY(X,R"), X CR" open. If dy, f not invertible at xo € X
then #C' 5 f~! near xq.

Proof. Suppose 3g € C*, go f(x) = x. Differentiating: df(xo)90dxf =t = dx, f

invertible. Contradiction. O

Definition 3.5.3. f: X — Y called diffeomorphism if

o fe(C!
e If LY - X

° tffl c (71

3.6 Corollaries from Implicit and Inverse Function Theo-
rems

Proposition 3.6.1. X C R" open. Let f: X — R be C! s.t. Vf(a) # 0 for
some a € X. Let ¢ = f(a). Then 3U,V C R™ open s.t. a € U,0 € V and 3
diffeomorphism g: V. — U s.t. g(0) =a and (fog)(y)=y1+cVyeV.

Proof. 3k s.t. ;Tk(a) #0. W.lo.g. assume k = 1.

Define §(x) = (f(x) — f(a),72 — aa,..., 2, —ay). g € CY(X,R"), g(a) = 0.

or  of of
dx1 Oz Oy,
0 1 0
Jacobian (§) =
0 0 1

det (Jac @) x_a> = g—i(a) £0

so Jac (g) invertible. Then by InFT (theorem [3.5.1) 3 U,V C R™ open s.t.
acU 0eV, g: U— V diffeomorphism.

Let g=g *:V —=U,geCl g(0)=a.

Then (fog)(y) = f(x) =y1 +c. O

14
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4 Applications

4.1 Derivatives of higher order

Theorem 4.1.1. If f: X — R (X C R" open) has cts partial derivatives 8225;1_
°f

6@6@

and for some 1 <i,j <n then

Pf o _ P
(%ciaxj o ax]é)xl

(x) VxeX

Proof. IDEA: DEFINE F, ¢, FIND ¢1,t2 BY MVT (THM |2.4.6]) APPLIED TO ¢,
t1,t3. TAKE LIMITS AS hq, he — 0.

Sufficient to consider n =2,i=1,j =2. Take x € X. 3r > 0s.t. B(x,r) C X
as X open. If [|h]| < r then x + h € X.

F(hi,he) = f(x1+ h1,22 + ha) — f(@1 + h1,22) — f(21, 22 + ha) + f(21, 72)
Define ¢(t) = f(x1 + thy, 2 + he) — f(x1 + thy, z3). Then

F(hi,h2) = ¢(1) — ¢(0)

o
svr ¥ (t)
9 d
- a—xfl(a:l +t1hy, w3 + ho)hy — 37:1{1(%1 +tihy, za)n

0% f

MVT 92902

(3;‘1 +t1hy, 20 + tghg)hlhg

Similarly 3¢;,%5 € [0,1] s.t.

2

F(h‘lﬂhZ) = M(

xr1 + flhl, X9 + fghg)hlhg

If hy,hy £ 0

0 f
83?281’1

_r
81‘18332

(x1 4+ tihi, o +tohe) = (z1 4 t1ha, 22 + t2ha)

These partial derivatives cts so taking limits as hq, ho — 0 gives result. O

Definition 4.1.2. f € C¥(X,R) if f: X — R has partial derivatives of all
orders < k and these are all cts.

Corollary 4.1.3. If f € CF then every partial derivative up to order k not
depend on order of differentiation.

15
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4.2 Taylor formula
4.2.1 1D case

Let I open C R, ¢ € C*(I,R). Assume 0 € I,t € I s.t. [0,t] C I. Then

SD// 0 t2 sa(kfl) 0 tk‘fl

o(t) = p(0) + ¢'(0)t +

Lagrange form of remainder

I7€[0,t] s.t. 1 = W so ri(t) = O(tF).

Peano form

o®) (1) — F)(0) P 0 [as 7 € [0,%]]. Hence
Wyt

X + o(t*)

’I"k(t)

4.2.2 Formula for function of several variables

Theorem 4.2.1. x C R" open, f € C*(X,R),x € X,h € R" s.t. [x,x+h] C X.
Then

Pl B) = F() + Duf(x) + g DAf(0) + -+ 2 DEF(x) +o (Il]*)

where

DRfx)=Y_ > > hj by, ..k / (x)

J1
Jm=1jm—1=1 ji=1 9 Jma Im—1 9 J1

Proof. Consider ¢(t) = f(x +th). f € C*¥(X,R) so ¢ € C*([0,1],R).
P9 (t) = Dif (4)
x+th

1D formula = 37 € [0,1] s.t.

F-D(0)  o®(r
(p(k - 1()!) +7 k:!( ) (5)

@(1) = (0) + ¢"(0) + -+ - +

Substitute (5 into (4)):

1

1
(k _ 1)!D1’i71f(x>+ EDl]if

J(xB) = F(x)+ Duf (x)+ 2 DRF() 4+ -+
21 x+7h

16
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Dy, =S N by, hy h
hf x+‘rh Z_l Z_lu axj7naxj7n—l tee 63}]1 (X + 7 )
T ome)
=W(x)+v(h)
= Dif(x) +o([n]") =

4.3 Critical points
Definition 4.3.1. X CR™ open, f: X — R has

o local minimum at a € X if I neighbourhood U of as.t. x € U = f(x) > f(a).
e local mazimum at a € X if 3 neighbourhood U of as.t. x e U = f(x) < f

Proposition 4.3.2. If a local min of f € C*(X,R) then

Of o _ O
(@) == () =0

Proof. IDEA: CONSIDER (1) := f(z1,0a2,...,a,)

¢ haslocal min at a3 = ¢'(a1) = 0. ¢'(z1) = %(ml, az,...,an) SO g—afl(a) =0.
Do the same Vi. O
Corollary 4.3.3. If a local max of f € C1(X,R) then

of of

Za)=-..=—L (a)=0

o2, @) oz, (@
Proof. a is local min of —f. O

Corollary 4.3.4. If a local min/maz of f € C*(X,R) then daf = 0.

Definition 4.3.5. a is a stationary point of f: X — R (X C R” open) if
daf = 0.

Example 4.3.6 (Stationary # min/max). f: R® — R, f(x) = z3.
of

— 2 —
B, (0) = 327 - =0
and of of

However 0 is not a local min or max of f.

Definition 4.3.7. a is a critical point of f € C1(X,RP) (X C R"™ open) if
rank (Jac (f)(a)) < min{n, p}

Remark 4.3.8. p = 1,a critical = Jac (f)(a) =0 <= a‘()Tfk(a) =0 Vi =

a stationary.

17
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4.3.1 Positive definite quadratic forms

B € M, (R) symmetric.
Definition 4.3.9. B is positive definite if Vh € R™ \ {0}
Bh-h= Y b;jhih; >0
i,j=1

Remark 4.3.10. TFAE:

e B positive definite

o All eigenvalues > 0

e 3¢>0s.t. Bh-h>¢|h|?

e All principal minors of B positive.

Example 4.3.11.

2 1 0
B=11 2 0
0 0 3
2l =2>0
2 1 .. .
1 o = 3>0 —> B positive definite.
|B| =9>0

Definition 4.3.12 (Hessian). f € C?(X,R) (X C R" open).

0? "
Hess (f) = <8x3fx>
i0%j / j=1

Theorem 4.3.13 (Sufficient condition for min). If f € C?*(X,R) (X C R"
open) a € X critical point and Hess (f) positive definite at a then a local min.

Proof. X open so 3y > 0 s.t. |h|| <dp=a+h € X. Taylor gives

n n 2
f(a+h)= f(a)—i-;s;;(a)hj 4% Z o°f (a)h;hj +ra(a,h)

— al’zal’]
2 —o(|[n2)
=0 as a critical >c||h||? as Hess pos def
Then f(a+h) > f(a) + 3c//h|?> + r2(a, h).
re =0 (|h)?) soVe>034>0s.t.
[r2(a, h)]|
|h| <d= —F"5—<¢
[h[?

Take ¢ = . Then V h with ||h|| < min{d, éo}

c

flath) > f(a)+ ZHhII2 > f(a)

so a is a local min. O]

18
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Definition 4.3.14. f € C'(X,R) (X C R" open). a is saddle point of f if

e a a critical point
e Ve >03x,y € B(a,e) s.t. f(x) < f(a) < f(y)

Proposition 4.3.15. U C R? open, f € C?(U,R). Let a € U be critical point.
D :=det(Hess (f)(a)). Then

1. D>0 82f(a) > 0 = a local min.

73736%
2.D>0 &(a) < 0= a local maz.

) Oz

3. D < 0= a saddle point.

Proof. 1. By theorem 4.3.13| D > 0, %(a) >0

= all principal minors > 0
= Hess (f)(a) positive definite

— a local min.
2. Let f = —f. True by 1.

3. H := Hess (f)(a) symmetric by thm since f € C2. Therefore eigen-
values A\, Ao of H are real. det H = D < 0= Ay > 0, < 0 say. Let
v1, vy be eigenvectors. Then by Taylor

2

Ly 2
2 axiaxj

i,7=1

fla+h) = f(a)+

(a)hihj +ro(a,h)

1
= f(a) + iHh-h—i—rg(a,h) let h = tvy,

t2
= f(a) + §Hvk v+ ra(a, tvy)

t2
= f(a) + Ex\kvk v +ra(a, tvg)

Let x =a+tvy, y=a+tvy. [

4.4 Conditional maxima and minima

Example 4.4.1. Find minimum of function f(x,y,z) = exp(z — y + z) on
§* ={(z,y.2) eR®: 2 + 92 + 22 = 1}.

Solution. Define F(z,y,2) = 2> +y> +22 - 1. §? = {x : F(X) = 0}.

1 2z
Vf(x)= eyt | —1|, VF(x)= |2y
1 2z
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We need V f parallel to VF.

1 T
TV 1 =20 |y | = r=—y=12

1 z

1 =1
2 2 2 _ ; ;\/{; f 2
Also z° + y* 4+ 2 = 1 so we have two solutions 73 and 7 |- S closed

1 -1
V3 V3

and bdd so sequentially compact, so f has max and min. Evaluate f at each
solution to find which max and which min.

Definition 4.4.2. X C R" open. F: X — RP (p < n). c € R? is a regular
value of F if rankdxF =pVx € X s.t. F(x) =c.

Remark 4.4.3. rank dxF = p <= VFi(x),...,VF,(x) linearly independent
at every x s.t. Fy(x) =¢; Vi.

Definition 4.4.4. M C R". v € C'([-1,1], M) called curve in M.

Definition 4.4.5. Let v be a curve in M, consider xg = 7(0). v := 4(0) called
tangent vector to M at xq.

Ty, M = {v € R" : v tangent vector to M at xg}

Proposition 4.4.6. X C R" open, F € CY(X,RP) (1 < p <n). Ifc € RP
reqular value of F then Vxg € M. = {x € X : F(x) = c},

| T, Me = ker dy, F |

Proof that Ty, M. C ker dy, F. Pick v € Ty, M. Then 3y € C1([-1,1], M) s.t.
7(0) = %o, (0) = v.
Consider p(t) = F(y(t)). ¢ € C([-1,1],RP).

Vi:y(t) € Me = p(t) =c =

0=(0)
og b F(3(0))
= dx, F(v)
= Vv € kerdy, F O
Proposition 4.4.7. X CR" open. f € C}(X,R), F € C}Y(X,RP) 1 <p < n.
If ¢ is regular value of F and xq is local min/maz of f on M. then

| ker d, ' C ker dy, f |

Proof. v € kerdy,F. c regular value of F so by v € Ty,M.. Then
E"}/ € Cl([_la 1]7MC) s.t. 7(0) = Xo, 7(0) =V.

Consider ¢(t) = f(v(t)). ¢ € CH([~1,1],R). $(0) = dy(0)f(7(0)) = dx, f(v).
Xp local min/max of f = 0 local min/max of ¢ = dx,f(v) =0 O
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Corollary 4.4.8. X C R" open, f € CY(X,R), F € CY(X,RP). If c regular
value of F', xq local min/max of f on M then 3Aq,..., A, € R s.t.

Vf(x0) =Y A\ VFj(xo)

Proof. v € ker dy, F, then

2l o
TQ(XQ) e 85: (Xo) U1
. . -0
OF, OF,
Bzf (Xo) N az: (Xo) Un

S D gi;?vj =0 1<k<p. Hencev L VFj(xo).

By v € kerdy, fso Y27, 2Ly, = 0. Hence v L Vf(xo).

j=1 dx;

Then V f(xo) in linear span of VF}(xo),. .., VF,(Xo). O

4.4.1 Lagrange multipliers

X CR" open, f € CYX,R), F € C}(X,RP), 1 < p < n, 0 is regular value of
F.

Problem:

Find min of f on set F(x) = 0.
Consider G(x,A) = f(x) — >2F_; AjFj(x) for x € X, X € RP.

Theorem 4.4.9. If xg € X solution of problem above then 3 Xy € RP s.t.
(%0, Ag) critical point of G.

Proof. VG =0 <= Vf=37 | \VE; Fi(x)=0 j=1,...,p. O

4.5 Manifolds in R"

Definition 4.5.1. M C R" is k-dimensional manifold in R"™ if Vxo € M
Jopen U C R", x¢ € U and diffeomorphism ¢: U — I = (—1,1)" s.t.

sp(MﬂU):{yeIn:yk+1:...:ynzo}
Remark 4.5.2 (k= 0). M is 0-D manifold in R™ iff Vxo € M 3 U, ¢ s.t.

¢ diffeomorphism so M NU = {x¢} == M discrete set.

Conversely suppose M C R™ discrete. Take U = B(xg,d) C R™ open, where
§ = min{1,inf{||x¢ — x| : x0 #x € M}}.

Then M NU = {x¢} and p: U — I", p(x) = x — x¢ is diffeomorphism.
(M NU)={0} so M is 0-D manifold in R".
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Remark 4.5.3 (k =n). If M is n-D manifold in R”, Vxo € M 3 neighbourhood
U diffeomorphic to I™.

M open = M n-D manifold in R"™.

4.5.1 1-D manifolds in R"

If M 1-D manifold then (M NU) ={y € I" : yo = --- =y, = 0} a line on 1st
co-ordinate axis of length 2.

M NU is preimage of this line, so 1-D manifold is locally a curve in R™.

ellipse v
Example 4.5.4 (Manifolds in R?). | parabola | v/
figure 8 X

Figure 8 not a manifold as A neighbourhood of intersect point which can map
cross into straight line.

4.5.2 k-D manifolds in R"

Example 4.5.5 (Co-ordinate plane in R™).
P={xeR":xp41 ==z, =0}
is k-D manifold in R™.
Vxg € Pdefine U = {x € R": ||x — Xg||oo < 1}, p(x) = x — x¢ diffeomorphism.
Example 4.5.6 (Graph of a function). f: R¥ — R9. Let n =k + q.
graph (f) = {(x,y) € R xR?: y = f(x)}
If f € C* then graph (f) is k-D manifold in R".

Proof. Consider g: R¥ x R — R* xRY, g(x,y) = (x,y — f(x)) diffeomorphism.
g(graph(f)) = P co-ordinate plane. Construct U, ¢ as for plane above Vxq € P.

Then U = g Y(U), p=@og. O

Theorem 4.5.7. If F € C"(R™",RP), r > 1, 1 < p < n, ¢ € R? regular value
of F then M. is (n — p)-D manifold in R™.

Example 4.5.8. S"7! C R" is (n — 1)-D manifold in R".
Consider f(x) =a%+---+22. f e CYR",R). S"! ={x: f(x) =1}

Check 1 is regular value:

xeS" = Jk: (xk;éO:> vf

# 0> = 1 regular value of f
Snfl

Therefore S*~! C R" is (n — 1)-D manifold in R” by thm
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Definition 4.5.9 (Tangent space). M k-D manifold in R", xo € M.
T M = {v € R : 3y: [-1,1] = M, 7(0) = x0 4(0) = v}

Theorem 4.5.10. If M k-D manifold in R™ then Vx¢ € M, Tx,M is a vector
space with dim (T, M) = k.
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