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Metric Spaces 1 METRIC SPACES

1 Metric Spaces

Definition 1.1. A metric on set M is d : M ×M → R s.t. ∀ x, y, z ∈ M :

(M1) d(x, y) ≥ 0 and d(x, y) = 0 ⇐⇒ x = y

(M2) d(x, y) = d(y, x)

(M3) d(x, z) ≤ d(x, y) + d(y, z).

Definition 1.2. The open ball centred at a ∈ M with radius r:

B(a, r) = {x ∈ M : d(x, a) < r}

Proposition 1.1. The `p norm ‖x‖p = (
∑n

i=1 |xi|p)
1
p satisfies the triangle

inequality.

Proof. Let ‖x‖p, ‖y‖p = 1, α + β = 1.

B(0, 1) is convex: |αxi+βyi|p ≤ α|xi|p+β|yi|p. Summing up gives ‖αx + βy‖p ≤ 1.

4 inequality obvious if either x or y = 0 so assume not. Define x̂, ŷ as usual,
λ = 1

‖x‖p+‖y‖p
, α = λ‖x‖p, β = λ‖y‖p. Then ‖x̂‖p = ‖ŷ‖p = 1, α, β, λ > 0 and

α + β = 1, so ‖x + y‖p = (‖x‖p + ‖y‖p) ‖αx̂ + βŷ‖p ≤ ‖x‖p + ‖y‖p.

Definition 1.3. H ⊂ M . Define dH(x, y) = dM (x, y) ∀ x, y ∈ H. Then
(H, dH) is a (metric) subspace of M .

If Mi are metric spaces, the product M1 × · · · ×Mn is a metric space with any
of the metrics

d(x, y) =

(
n∑

i=1

(di(xi, yi))
p

) 1
p

1 ≤ p ≤ ∞

1.1 Open sets

Definition 1.4. U ⊆ M open if ∀ x ∈ U ∃ δ > 0 s.t. B(x, δ) ⊂ U .

F ⊆ M is closed if M \ F is open.

Lemma 1.2. Open balls are open.

Proof. x ∈ B(a, r). Let δ = r − d(x, a) > 0. Let y ∈ B(x, δ).

d(y, a) ≤ d(y, x) + d(x, a)
< δ + d(x, a)
= r

Proposition 1.3. U1, . . . , Uk ⊂ M open. Then
⋂k

i=1 Ui is open.
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Metric Spaces 1 METRIC SPACES

Proof. x ∈
⋂k

i=1 Ui. Then for each i, x ∈ Ui ⇒ ∃ δi > 0 s.t. B(x, δi) ⊂ Ui. Let
δ = min{δ1, . . . , δk}. Then B(x, δ) ⊂

⋂k
i=1 Ui.

Proposition 1.4. Any union of open sets is open.

Proof. Any point in the union is in one of the sets, this is open so exists open
ball around in this set so in the union.

1.2 Continuity

Definition 1.5. f : M1 → M2 is

• continuous at a ∈ M if ∀ ε > 0 ∃ δ > 0 s.t. ∀ x ∈ M1 d1(x, a) < δ ⇒
d2(f(x), f(a)) < ε.

• continuous if f cts at a ∀ a ∈ M1.

• Lipschitz if ∃ C ∈ R s.t.

d2(f(x), f(y)) ≤ Cd1(x, y) ∀x, y ∈ M1.

Theorem 1.5. f : M1 → M2 is cts iff ∀U ⊂ M2 open f−1(U) is open (in M1).

Proof. (⇒) x ∈ f−1(U). f(x) ∈ U so B(f(x), ε) ⊂ U for some ε > 0. f cts at
x so ∃ δ > 0 s.t. B(x, δ) ⊂ f−1(B(f(x), ε)).

(⇐) Let x ∈ M1, ε > 0. B(f(x), ε) open so f−1(B(f(x), ε)) open. x ∈ f−1(B(f(x), ε))
so ∃δ > 0 s.t. B(x, δ) ⊂ f−1(B(f(x), ε)). Then y ∈ B(x, δ) ⇒ f(y) ∈ B(f(x), ε),
so f cts at x.

Definition 1.6. Two metrics d1, d2 on M are topologically equivalent if d1 and
d2 open sets coincide.

Theorem 1.6. If d1, d2 are two metrics on M then TFAE:

1. ∀ (N, d) every f : M → N is d1 cts iff d2 cts.

2. ∀ (N, d) every g : N → M is d1 cts iff d2 cts.

3. d1 and d2 are topologically equivalent.

Proposition 1.7. If ∃ 0 < c, C < ∞ s.t. ∀ x, y ∈ M

cd1(x, y) ≤ d2(x, y) ≤ Cd1(x, y)

then d1 and d2 are topologically equivalent.

Proof. Let U be d2 open, x ∈ U . Find δ > 0 s.t. Bd2(x, δ) ⊂ U . Then
Bd1

(
x, δ

C

)
⊆ Bd2(x, δ) ⊂ U so U is d1 open. Converse similar.

Definition 1.7. Isometry f : M1 → M2 is bijection s.t. d2(f(x), f(y)) = d1(x, y).

Homeomorphism f : M1 → M2 is bijection s.t. U open in M1 iff f(U) open in
M2.
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2 Topological spaces

Definition 2.1. Topology on a set T is a collection of open subsets T s.t.

(T1) ∅, T open

(T2) any finite intersection of open sets open

(T3) any union of open sets open.

Definition 2.2. (T, T ) a topological space, S ⊂ T define TS = {(U ∩ S) : U ∈ T }.
(S, TS) called (topological) subspace of T .

2.1 Bases, sub-bases

Definition 2.3. A basis for T on T is B ⊂ T s.t. every set from T is a union
of sets from B.

A sub-basis for T on T is B ⊂ T s.t. every set from T is a union of finite
intersections of sets from B.

Example 1. Intervals (a, b) form basis for R with Euclidean topology, collection
(a,∞), (−∞, b) form sub-basis.

Proposition 2.1. If B is any basis for T of T then

(B1) T is a union of sets from B.

(B2) the intersection of any two sets from B is a union of sets from B.

Proposition 2.2. If B is any collection of subsets of T satisfying (B1), (B2)
then ∃ unique T with basis B. Its open sets are unions of sets from B.

Proof. By defn of basis if such topology exists, it must be T the unions of sets
from B. RTP this is a topology.

(T1) ∅ is union of no sets so ∅ ∈ T . By (B2) T ∈ T .

(T2) If U =
⋃

i∈I Bi and V =
⋃

j∈J Dj where Bi, Dj ∈ B, then

U ∩ V =
⋃
i,j

Bi ∩Dj

union of sets from B by (B2).

(T3) Clear.

Proposition 2.3. If B any collection of subsets of T then ∃ uniqe topology on
T with sub-basis B. Open sets are unions of finite intersections of sets from B.

Proof. Let D be the collection of finite intersections from B. Any topology with
sub-basis B has basis D. D satisfies (B1),(B2) so ∃! T with basis D.

Definition 2.4. (T1, T1), (T2, T2) topological spaces, product topology on T1×T2

has basis
B = {U1 × U2 : U1 ∈ T1, U2 ∈ T2}

4
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2.2 Continuity

Definition 2.5. f : T1 → T2 is continuous if ∀U ⊂ T2 open f−1(U) open in T1.

Theorem 2.4. f : T1 → T2 and g : T2 → T3 cts then g ◦ f : T1 → T3 cts.

Proof. U open in T3 so g−1(U) open in T2 as g cts. Then (g ◦ f)−1(U) = f−1
(
g−1(U)

)
open in T1 as f cts.

Proposition 2.5. Projection π1 : T1 × T2 → T1, π1(x, y) = x (and similarly
π2) is continuous.

Proof. U1 open in T1, π−1(U1) = U1 × T2 open in T1 × T2.

Lemma 2.6. T1, T2 topological spaces, B sub-basis for T2. f : T1 → t2 cts iff
f−1(B) open ∀B ∈ B.

Proof. Preimages preserve unions and intersections.

Proposition 2.7. f : T → T1 × T2 is cts iff f1 and f2 are cts.

Proof. (⇒) πi cts so fi = πi ◦ f cts.

(⇐) If Ui open in Ti, f−1(U1 × U2) = f−1
1 (U1) ∩ f−1

2 (U2) open in T , so cts by
lemma 2.6.

Definition 2.6. Bijection f : T1 → T2 homeomorphism if U open in T1 ⇐⇒
f(U) open in T2.

So a homeomorphism is a cts bijection with cts inverse.

2.3 Closure, interior, boundary

Definition 2.7. • Interior H◦ of H ⊂ T is union of all sets open in T
contained in H.

• Neighbourhood of x is H s.t. x ∈ H◦.

• Closure H of H is set of x s.t. every neighbourhood of x meets H.

Lemma 2.8. H◦ = T \ (T \H) and H = T \ (T \H)◦.

Proof. x ∈ H◦, H neighbourhood of x not meeting T \ H so x 6∈ (T \H), so
x ∈ T \ (T \H).

If x ∈ T \ (T \H), x 6∈ (T \H) so exists neighbourhood of x not meeting T \H.
This neighbourhood must be contained in H so x ∈ H◦.

From this we get:

• H◦ open (largest open subset of H), H closed (least closed superset of H).
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• H open iff H = H◦, closed iff H = H.

• (H◦)◦ = H◦, H = H.

• H ⊂ K ⇒ H◦ ⊂ K◦, H ⊂ K.

• (H ∩K)◦ = H◦ ∩K◦, H ∪K = H ∪K.

Definition 2.8. Boundary ∂H of H is set of points x whose every neighbour-
hood meets H and T \H.

Proposition 2.9. ∂H = H ∩ (T \H) is closed.

2.4 Hausdorff spaces

Definition 2.9. Topological space T is Hausdorff if ∀ x 6= y ∈ T ∃ disjoint
open sets U, V containing x, y respectively.

Proposition 2.10. Every metric space is Hausdorff.

Proof. Let r = d(x, y) > 0. Then B
(
x, r

2

)
, B
(
y, r

2

)
are disjoint.

3 Compactness

Definition 3.1. • A cover of A is a collection U of sets whose union con-
tains A.

• A subcover is a subcollection of U which still covers A.

• A cover is open if its members are all open.

Definition 3.2. Topological space T is compact if every open cover has a finite
subcover.

Theorem 3.1 (Heine-Borel). Any closed bounded interval [a, b] ⊂ R is compact.

Proof. Let U be open cover of [a, b]. Let

A = {x ∈ [a, b] : [a, x] covered by finite subfamily of U}

Then a ∈ A so A 6= ∅, bounded above by b. Let c = supA. a ≤ c ≤ b so c ∈ U
for some U ∈ U . U open so ∃ δ > 0 s.t. (c− δ, c + δ) ⊂ U .

c = supA so ∃ x ∈ A s.t. x > c − δ. [a, c + δ) ⊆ [a, x] ∪ (c − δ, c + δ) can be
covered by finite subfamily of U so (c, c + δ)∩ [a, b] = ∅ (since any point in here
is in A but > c = sup A). So c = b.

6
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3.1 Compactness of subsets

Proposition 3.2. Any closed subset C of compact space compact.

Proof. Let U be cover of C by sets open in T . Adding open T \ C get open
cover of T . Finite subcover of this cover contains finite subcover of C of sets
from U .

Proposition 3.3. Compact subspace C of Hausdorff T is closed in T .

Proof. a ∈ T \ C. ∀ x ∈ C ∃ disjoint Ux 3 x, Vx 3 a open in T since T
Hausdorff. Ux open cover of C so has finite subcover Ux1 , . . . , Uxn

. Then
V =

⋂n
i=1 Vxi open, a ∈ V and disjoint from C. Hence a ∈ (T \ C)◦ and

T \ C open.

Proposition 3.4. Compact subspace C of metric space M is bounded.

Proof. Let a ∈ M . Balls B(a, r) (r > 0) are open and cover C, so ∃ r1, . . . , rn

s.t. C ⊂
⋃n

i=1 B(a, ri) = B(a,max{r1, . . . , rn}).

3.2 Intersections of closed sets

Theorem 3.5. Let F be collection of non-empty closed subsets of compact T s.t.
every finite subcollection of F has non-empty intersection. Then intersection of
all sets from F non-empty.

Proof. Assume intersection of all sets empty. Let U be collection of comple-
ments. U covers T by De Morgan. U open cover so exists finite subcover
U1, . . . , Un. Then Fi := T \Ui ∈ F and empty intersection by De Morgan. This
contradicts the assumption of the theorem.

Corollary 3.6. Let F1 ⊃ F2 ⊃ . . . sequence of non-empty closed subsets of
compact T . Then

⋂∞
k=1 Fk 6= ∅.

Corollary 3.7. Let F1 ⊃ F2 ⊃ . . . sequence of non-empty compact subsets of
Hausdorff T . Then

⋂∞
k=1 Fk 6= ∅.

Proof. By proposition 3.3 compact subsets of Hausdorff space are closed.

3.3 Compactness of products

Lemma 3.8. T, S compact, U open cover of T × S. If s ∈ S there exists open
V ⊂ S, s ∈ V s.t. T × V can be covered by finite subfamily of U .

7
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Proof. ∀x ∈ T find Wx ∈ U s.t. (x, s) ∈ Wx. Exists open Ux ⊂ T, Vx ⊂ S s.t.
(x, s) ∈ Ux × Vx ⊂ Wx. {Ux : x ∈ T} open cover of T so ∃ Ux1 , . . . , Uxn

which
cover T . Let V =

⋂n
i=1 Vxi

. V ⊂ S open and

T × V ⊂
n⋃

i=1

Uxi
× Vxi

⊂
n⋃

i=1

Wxi

Theorem 3.9 (Tychonov). S, T compact ⇒ T × S compact.

Proof. By lemma 3.8 ∀ y ∈ S ∃Vy ⊂ S open s.t. T ×Vy can be covered by finite
subfamily of U . S compact, {Vy : y ∈ S} form open cover so ∃ Vy1 , . . . , Vym

which cover S.

T × S =
⋃m

j=1 T × Vyj
. Finite union, each T × Vyj

can be covered by finite
subfamily of U , so T × S can be covered by finite subfamily of U .

3.4 Compactness and continuity

Proposition 3.10. Cts image of compact space compact.

Proof. f : T → S cts, T compact. U open cover of f(T ). f−1(U) open ∀U ∈ U .
Cover T since ∀ x ∈ T f(x) in some U ∈ U . Hence ∃ f−1(U1), . . . , f−1(Un)
subcover of T . ∀ y ∈ f(T ) have y = f(x) where x ∈ T so x ∈ f−1(Ui) for some
i so y ∈ Ui. Hence U1, . . . , Un.

Theorem 3.11. Cts bijection of compact T onto Hausdorff S is homeomor-
phism.

Proof. U open in T , T \ U closed so compact by theorem 3.2. Hence f(T \ U)
compact by 3.10 so closed by 3.3.

Therefore (f−1)−1(U) = f(U) = S \ f(T \ U) open, so f−1 cts.

Corollary 3.12. Let T be compact. Cts f : T → R is bdd and attains max and
min.

Proof. f(T ) compact by 3.10 so closed and bdd by 3.3 and 3.4.

Then sup f(T ) ∈ f(T ) = f(T ).

Alternative proof. Let c = supx∈T f(x). If f not attain c then f(x) < c ∀ x
so {x : f(x) < r} = f−1(−∞, a) where r < c s.t. T ⊂

⋃n
i=1 {x : f(x) < ri}.

Then f(x) < max{r1, . . . , rn}∀ x so c = supx∈T f(x) ≤ max{r1, . . . , rn} < c.
Contradiction.

Definition 3.3. Given cover U of metric M , δ > 0 called Lebesgue number of
U if ∀ x ∈ M ∃ U ∈ U s.t. B(x, δ) ⊂ U .

Proposition 3.13. Every open cover U of compact metric space has a Lebesgue
number.

8
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Proof. ∀ x ∈ M pick r(x) > 0 s.t. B(x, r(x)) contained in some set of U .
Then M ⊂

⋃
x∈M B

(
x, r(x)

2

)
so ∃ x1, . . . , xj s.t. M ⊂

⋃j
i=1 B

(
xi,

r(xi)
2

)
.

Let δ = min{r(x1),...,r(xj)}
2 . Then ∀ x ∈ M pick i s.t. x ∈ B

(
xi,

r(xi)
2

)
and

B(x, δ) ⊂ B (xi, r(xi)) subset of some set from U .

Theorem 3.14. Cts map of compact metric M to metric N is uniformly cts.

Proof. Let ε > 0. Then sets Uz = f−1
(
BN

(
f(z), ε

2

))
z ∈ M open cover of M .

Let δ be Lebesgue number. If x, y ∈ M, dM (x, y) < δ ⇒ y ∈ B(x, δ) ⊂ Uz

some z so dN (f(x), f(y)) ≤ dN (f(x), z) + dN (f(y), z) < ε.

3.5 Compact sets in Rn

Theorem 3.15 (Heine-Borel). A ⊂ Rn compact iff closed and bdd.

Proof. (⇒) Metric spaces are Hausdorff, so A closed and bdd by 3.3 and 3.4.

(⇐) C ⊂ Rn bdd ⇒ ∃ [a, b] ⊂ Rn s.t. C ⊂ [a, b] × · · · × [a, b]. This compact
by Tychanov (3.9). If C closed then closed subset of compact space so
compact by 3.2.

3.6 Sequential compactness

Theorem 3.16. Metric M is compact iff every sequence in M has convergent
subsequence.

Lemma 3.17. Ak sequence of subsets of metric M . Then ∀ x ∈
⋂∞

j=1 Aj

∃ xk ∈ Ak s.t. xk → x.

Proof. Take xk ∈ Ak ∩B
(
x, 1

k

)
6= ∅.

Corollary 3.18. xk ∈ M and
⋂∞

j=1 {xj , xj+1, . . . } 6= ∅ then xk have convergent
subsequence.

Proof. Let x ∈
⋂∞

j=1 {xj , xj+1, . . . }. By lemma 3.17 ∃ kj ≥ j s.t. xkj → x.
kj → ∞ so can choose subsequence kji s.t. kji+1 > kji (as kjs not necessarily
in order). Then xkji

subsequence converging to x.

Proof of (⇒) of theorem 3.16. Let xk ∈ M , Fj = {xj , xj+1, . . . }. Fj form de-
creasing sequence of non-empty closed subsets of M .

By corollary 3.6
⋂∞

j=1 Fj 6= ∅ so xk have convergent subsequence by corollary
3.18.

9
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Notation:

U open cover of M . ∀ x ∈ M

r(x) = sup {r ≤ 1 : ∃ U ∈ U s.t. B(x, r) ⊂ U}

Lemma 3.19. If yk → x ∃K s.t. yk+1 ∈ B
(
yk, r(yk)

2

)
for k ≥ K.

Proof. Let U ∈ U be s.t. B
(
x, r(x)

2

)
⊂ U . Take K s.t. d(yk, x) < r(x)

16

for k ≥ K. Then k ≥ K ⇒ B
(
yk, r(x)

2 − d(x, yk)
)
⊂ B

(
x, r(x)

2

)
⊂ U , so

r(yk) ≥ r(x)
2 − d(x, yk) ≥ r(x)

4 , so

d(yk+1, yk) ≤ d(yk+1, x) + d(yk, x) <
r(x)
8

≤ r(yk)
2

Proof of (⇐) of theorem 3.16. IDEA: Greedy Algorithm

M1 := M, s1 := supx∈M1
r(x). Find x1 ∈ M1 s.t. r(x1) > s1

2 , choose U1 ∈ U
s.t. B

(
x1,

r(x1)
2

)
⊂ U1.

If x1, . . . , xj have been defined,

Mj+1 := M \B

(
xj ,

r(xj)
2

)
= M \

j⋃
i=1

B

(
xi,

r(xi)
2

)

If Mj+1 = ∅ then M ⊂
⋃j

i=1 B
(
xi,

r(xi)
2

)
⊂
⋃j

i=1 Ui has finite subcover.

If Mj+1 6= ∅ let sj+1 = supx∈Mj+1
{r(x)}, find xj+1 s.t. r(xj+1) >

sj+1
2 , choose

Uj+1 ∈ U s.t. B
(
xj+1,

r(xj+1)
2

)
⊂ Uj+1.

If procedure stops we have finite subcover. If it runs forever we have infinite
sequence xj s.t. xi 6∈ B

(
xj ,

r(xj)
2

)
for i > j. This has cvgt subsequence xjk

by

assumption, so by lemma 3.19 ∃ k s.t. B
(
xjk

,
r(xjk

)

2

)
. This is a contradiction,

so the procedure stops.

4 Connectedness

4.1 Connected, separated

Definition 4.1. Topological T connected if for every decomposition T = A∪B
into disjoint open A,B either A or B is empty.

Definition 4.2. T ⊂ S separated by sets U, V ⊂ S if T ⊂ U∪V , U ∩ V ∩ T = ∅,
U ∩ T 6= ∅, V ∩ T 6= ∅.

10



Metric Spaces 4 CONNECTEDNESS

Proposition 4.1. T ⊂ S disconnected iff T is separated by some U, V ⊂ S.

Proof. (⇒) If disconnected ∃A,B ⊂ T, A,B 6= ∅ s.t. T = A∪B and A∩B = ∅.
T ⊂ S so ∃U, V open in S s.t. A = U ∩T , B = V ∩T . Then U, V separate
T .

(⇐) If U, V separate T let A = U ∩ T , B = V ∩ T then T not connected.

Proposition 4.2. TFAE:

1. T disconnected

2. T has subset which is open, closed, different from ∅, T

3. T admits non-constant cts function to two point discrete space.

Proof.

(1. ⇒ 2.) ∃ decomposition T = A∪B with A,B open, non-empty. Hence A = T \B
is open and closed, different from ∅, T .

(2. ⇒ 3.) ∅, T 6= A ⊂ T open, closed. Define f : T → {0, 1} by f(x) =

{
0 x ∈ A

1 x 6∈ A

This cts as preimages open.

(3. ⇒ 1.) f : T → {0, 1} non-constant and cts. Define A = F−1(0), B = f−1(1).

4.2 Connectedness in metric spaces

Theorem 4.3. T ⊂ M (M metric) disconnected iff ∃ disjoint open U, V ⊂ M
s.t. T ∩ U 6= ∅ 6= T ∩ V and T ⊂ U ∪ V .

Proof. (⇐) Clear

(⇒) T = A ∪B. Let

U = {x ∈ M : d(x, A) < d(x, B)}
V = {x ∈ M : d(x, A) > d(x, B)}

U, V disjoint, open.

Going to prove A ⊂ U : Let x ∈ A. A open in T so ∃ δ > 0 s.t.
B(x, δ) ∩ T ⊂ A. B ⊂ T disjoint from A so B(x, δ)∩B = ∅, so d(x, B) ≥ δ > 0.
Since d(x, A) = 0 we have x ∈ U . Similarly B ⊂ V .

Lemma 4.4. I ⊂ R is an interval iff ∀ x, y ∈ I, ∀ z ∈ R,

x < z < y ⇒ z ∈ I

11



Metric Spaces 4 CONNECTEDNESS

Proof. Intervals clearly have this property. Conversely suppose I has above
property, non-empty, not single point. Let a = inf I, b = sup I.

Show (a, b) ⊂ I: If z ∈ (a, b) ∃ x, y ∈ I with x < z < y so z ∈ I. Hence
(a, b) ⊂ I ⊂ (a, b) ∪ {a, b}.

Theorem 4.5. T ⊂ R connected iff it is an interval.

Proof. (⇒) Suppose I not interval. Then by lemma 4.4 ∃ x, y ∈ I, z ∈ R s.t.
x < z < y and z 6∈ I. Let A = (−∞, z)∩ I, B = (z,∞)∩ I. A,B disjoint,
non-empty, open and I = A ∪B.

(⇐) Suppose I not connected. Then ∃ cts non-constant f : I → {0, 1} where
{0, 1} has discrete topology. But then f also cts as funct f : I → R
contradicting IVT.

(⇐) I partitioned into non-empty A,B open. Choose a ∈ A, b ∈ B, a < b.
A,B open cover of [a, b]. Let δ be its Lebesgue number. Then

[
a, a + δ

2

]
⊂ A,[

a + δ
2 , a + 2δ

2

]
⊂ A, . . . until we get to an interval containing b. So b ∈ A

and A,B not disjoint.

4.3 Connected spaces from others

Proposition 4.6. Cts image of connected space connected.

Proof. Suppose f : T → S cts, T connected. If f(T ) disconnected ∃ U, V ⊂ S
open separating f(T ). Then f−1(U), f−1(V ) open, disjoint, cover T . Contra-
diction as T connected.

Proposition 4.7. If C,Cj (j ∈ J) connected subspaces of topological T and
if cj ∩ C 6= ∅ ∀ j ∈ J then

K = C ∪
⋃
j∈J

Cj

is connected.

Proof. Suppose K disconnected. Hence ∃ U, V ⊂ T open that separate K.

C connected so cannot be separated by U, V , so does not meet one of them.
Suppose w.l.o.g C ∩ V = ∅. Then C ⊂ U . Since V open C ∩ V = ∅, so
K ∩ C ⊂ U . Then Cj ∩ U 6= ∅ ∀ j.

Cj connected so Cj ⊂ U or Cj ⊂ V . Cj ∩ U 6= ∅ so Cj ⊂ U .

Then K ⊂ U contradicting V ∩K 6= ∅.

Corollary 4.8. C ⊂ T connected and C ⊂ K ⊂ C. Then K connected.

Proof. K = C
⋃

x∈K{x} and {x} ∩ C 6= ∅ ∀ x.

Proposition 4.9. Product of connected spaces is connected.

12



Metric Spaces 4 CONNECTEDNESS

Proof. Let T, S connected, s0 ∈ S. Define C = T × {s0} and Ct = {t} × S (for
some t ∈ T ). Then C,Ct homeomorphic to T and S are connected. Ct ∩C 6= ∅
and T × S = C ∪

⋃
t∈T Ct connected by 4.7.

Example 2.

sin
(

1
t

)
∪ {(0, t) ∈ R2 : t ∈ (−1, 1)}︸ ︷︷ ︸

I

is connected.

Proof.

C =
{

(t, sin
(

1
t

)
) : t > 0

}
D =

{
(t, sin

(
1
t

)
) : t < 0

}
C,D, I cts images of intervals so connected.

(0, 0) ∈ I is in C as
(
tk, sin

(
1
tk

))
→ (0, 0) when tk = 1

kπ . Then I∪C connected
by 4.7. Similarly I ∪D.

4.4 Connected components

Definition 4.3. x ∼ y if x, y belong to a common connected subspace of T .
Equivalence classes are connected components of T .

Are maximal connected subsets of T . Number of connected components is
topological invariant.

Property T \ {x} connected ∀ x ∈ T topological invariant.

4.5 Path connectedness

Definition 4.4. a, b ∈ T . ϕ : [0, 1] → T cts with ϕ(0) = a, ϕ(1) = b called a
path from a to b.

Definition 4.5. T path connected if any two points can be joined by a path.

Proposition 4.10. Path connected ⇒ connected.

Proof. a ∈ T . ∀x ∈ T image Cx of path a to x is connected, and all Cx contain
a. Then T =

⋃
x∈T Cx connected by 4.7.

13
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4.6 Open sets in Rn

Theorem 4.11. Any U ⊂ Rn open, connected is path connected.

Proof. Let a ∈ U , V = {x ∈ U : ∃ path from a to x}.

Let z ∈ U ∩ V . Find δ > 0 s.t. B(z, δ) ⊂ U . z ∈ V so ∃ y ∈ V ∩B(x, δ).

Then B(z, δ) ⊂ V since join path from a to y to path from y to z.

Theorem 4.12. All components of open U ⊂ Rn open.

Proof. C component of U , x ∈ C. Find δ > 0 with B(x, δ) ⊂ U . B(x, δ)
connected and C union of all connected subsets of U containing x so B(x, δ) ⊂ C,
so C open.

Theorem 4.13. U ⊂ R open iff disjoint union of countably many open inter-
vals.

Proof. (⇐) Any union of open sets open.

(⇒) U ⊂ R open, Cj (j ∈ J) its components. Cj connected and open so are
open intervals by 4.5.

For each j ∃ rational rj ∈ Cj . Cs
j mutually disjoint so j → rj injection

into Q, so can order J into a sequence.

5 Completeness

This is a concept that makes sense in metric spaces only.

Recall Cauchy.

Definition 5.1. Metric M is complete if every Cauchy sequence in M converges
(to a point of M).

Remark 1. This is not a topological invariant: (0, 1) - incomplete and R -
complete are homeomorphic.

Proposition 5.1. Cvgt ⇒ Cauchy.

Proof. ∀ ε > 0 ∃N s.t. d(xn, x) < ε
2 for n ≥ N . If m,n ≥ N then

d(xm, xn) ≤ d(xm, x) + d(xn, x) <
ε

2
+

ε

2
= ε

Proposition 5.2. 1. Complete subspace S of metric M is closed.

2. Closed subset S of complete M is complete.

Proof. 1. Let xn ∈ S, xn → x ∈ M . (xn) Cauchy in S so cvgs in S to y ∈ S.
S ≤ M so xn → y in M . By uniqueness of limits x = y ∈ S.

14
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2. Let (xn) ⊂ S Cauchy. Cauchy in M so cvgs to point of M which in S as
S closed.

Proposition 5.3. ∀ S B(S) of bdd functions S → R with sup norm is com-
plete.

Proof. Let (fn) Cauchy, ε > 0. ∃ N s.t. ‖fm − fn‖ < ε for n, m ≥ N . Hence
for fixed x (fn(x)) Cauchy in R, so cvgs to f(x) ∈ R.

For n ≥ N |fm(x)− fn(x)| < ε ∀m ≥ N . Let m →∞ then

|f(x)− fn(x)| ≤ ε ∀ x ∈ S, n ≥ N

Then f bdd and fn → f .

5.1 Proving Cauchy

Proposition 5.4. A sequence (xn) ⊂ M is Cauchy iff ∃ sequence εn ≥ 0 s.t.
εn −→

n→∞
0 and d(xm, xn) ≤ εn for m > n.

Proof. (⇒) Suppose (xn) Cauchy. Then let εn =
∑

m>n d(xm, xn) →−→
n→∞

0.

(⇐) Given ε > 0 find k s.t. εn < ε for n ≥ k. Then d(xn, xn) ≤ εn < ε for
m > n ≥ k. Exchanging m,n gives d(xm, xn) < ε ∀ n, m ≥ k.

Proposition 5.5. (xn) ⊂ M sequence s.t. ∃ τn ≥ 0 with
∑∞

n=1 τn < ∞ and
d(xn, xn+1) ≤ τn ∀ n. Then (xn) is Cauchy.

Proof. Follows from 5.4 with εn =
∑∞

k=n τn. Then

d(xm, xn) ≤
4 ineq

m−1∑
k=n

d(xk, xk+1) ≤
m−1∑
k=n

τn ≤ εn

5.2 Examples

Example 3. If K compact topological space then space C(K) with sup norm
is complete.

Proof. Each f bdd, attains max. By 5.2 suffices to show C(K) closed in B(K).

Suppose fn ∈ C(K) cvg to f ∈ B(K). Then ∀ ε > 0 ∃N s.t.

sup
x∈K

|f(x)− fn(x)| < ε ∀n ≥ N

∀ a ∈ R {x : f(x) > a} =
⋃
ε>0

{x : fN (x) > a + ε}

RHS are preimages of open sets so open. Hence LHS is open. Similarly
{x : f(x) < a} open. (−∞, a), (a,∞) form sub-basis for R so f cts.

15
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Example 4. C[0, 1] with norm ‖f‖1 =
∫ 1

0
|f(x)|dx is incomplete.

Proof.

fn(x) =

{
min

{√
n, 1√

x

}
x > 0

√
n x = 0

so (fn) ⊂ C[0, 1].∫ 1

0

|fm(x)− fn(x)|dx =
∫ 1

m

0

(
√

m−
√

n)dx +
∫ 1

n

1
m

(
1√
x
−
√

n

)
dx

≤ 1√
m

+
2√
n

≤ 3√
n
−→

n→∞
0

so (fn) Cauchy.

Let f ∈ C[0, 1]. Find k ∈ N s.t. |f | ≤
√

k. Then for n > k∫ 1

0

|fn(x)− f(x)|dx ≥
∫ 1

m

1
n

(
1√
x
− f(x)

)
dx

≥ 2
(

1√
k
− 1√

n

)
− 1√

k

=
1√
k
− 2√

n
−→

n→∞

1√
k

> 0

5.3 Completion

Definition 5.2. S ⊂ M is dense in M if S = M .

Definition 5.3. A completion of metric space M is:

• complete metric space N s.t. M dense subset of N .

• complete metric space N and isometry i : M → A ⊆ N s.t i(M) is dense
in N .

Theorem 5.6. Any metric Mcan be isometrically embedded into complete met-
ric space.

Proof. Find isometry of M onto subset of B(M), complete by 5.3. Fix a ∈ M ,
define F : M → B(M) by F (x)(z) = d(z, x) − d(z, a). |F (x)(z)| ≤ d(x, a) so
F (x) ∈ B(M).

|F (x)(z)− F (y)(z)| = |d(z, x)− d(z, y)|
≤ d(x, y)

Equality occurs when z = y. Then ‖F (x)− F (y)‖ = d(x, y) so F isometry.

Corollary 5.7. Any metric space M has a completion.

Proof. Embet M into complete N . Then M (closure taken in N) is complete
by 5.2, M dense in M . Then M completion of M .

16
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5.4 Contraction Mapping Theorem

Definition 5.4. f : M → M contraction if ∃ κ < 1 s.t.

d(f(x), f(y)) ≤ κd(x, y) ∀ x, y ∈ M

Theorem 5.8 (Banach). If f contraction on complete metric M then f has
unique fixed point.

Proof. Uniqueness: If f(x) = x, f(y) = y then

d(x, y) = d(f(x), f(y)) ≤ κd(x, y) =⇒ d(x, y) = 0

Existence: Pick x0 ∈ M , xn+1 = f(xn). By repeated application of the contrac-
tion property we get that d(xj , xj+1) ≤ κjd(x0, x1).

∑∞
j=1 κjd(x0, x1) < ∞ so

(xn) Cauchy by 5.5.

M complete so xn → x ∈ M , so f(xn) → f(x). But also f(xn) = xn+1 → x so
f(x) = x.

5.5 Total boundedness

Definition 5.5. Metric M totally bounded if ∀ ε > 0 ∃ finite set F ⊂ M s.t.
M ⊂

⋃
x∈F B(x, ε).

Proposition 5.9. Subspace M of metric N is totally bounded iff ∀ ε > 0 ∃
finite H ⊂ N s.t. M ⊂

⋃
z∈H B(z, ε).

Proof. (⇒) Obvious.

(⇐) Given ε > 0 let H ⊂ N be finite set s.t. M ⊂
⋃

z∈H B
(
z, ε

2

)
. From each

non-empty M ∩ B
(
z, ε

2

)
pick one point. Let F be set of these points.

F ⊂ M finite.

If y ∈ M then y in one of B
(
z, ε

2

)
so M∩B

(
z, ε

2

)
6= ∅ so ∃ x ∈ M ∩B

(
z, ε

2

)
.

Hence y ∈ B(x, ε) and M ⊂
⋃

x∈F B(x, ε).

Corollary 5.10. Subspace of totally bounded metric space is totally bounded.

Theorem 5.11. Metric M totally bounded iff every sequence in M has Cauchy
subsequence.

Proof. (⇒) Let xn ∈ M . M covered by finitely many balls radius 1
2 so ∃ B1

s.t. N1 = {n ∈ N : xn ∈ B1} has |N1| = ∞.

Suppose inductively have defined infinite Nk−1 ⊂ N. Since M covered by
finitely many balls of radius 1

2k ∃ one ball Bk s.t. Nk = {n ∈ Nk−1 : xn ∈ Bk}
is infinite.

Let n(1) be least element of N1, n(k) least element of Nk s.t. n(k) > n(k − 1).
Then

(
xn(k)

)∞
k=1

⊂ (xn)∞n=1 s.t. ∀ k xn(i) ∈ Bk for i ≥ k. Hence
d
(
xn(i), xn(j)

)
< 1

k∀ i, j ≥ k so
(
xn(k)

)
Cauchy.
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(⇐) Suppose M not totally bounded. Then for some ε > 0 @ finite F with
all points of M within ε of it. Choose x1 ∈ M , inductively xk s.t.
d(xk, xi) ≥ ε ∀ i < k. xk exists by assumption M not totally bounded.

This gives sequence (xk)∞k=1 s.t. d(xi, xj) ≥ ε ∀ i 6= j. Then no subse-
quence of (xk) Cauchy.

5.6 Completeness and Compactness

Theorem 5.12. Subspace C of complete metric M compact iff closed and totally
bounded.

Proof. (⇒) C closed by 3.3, totally bounded since ∀ ε > 0 open cover B(x, ε)
(x ∈ C) has finite subcover.

(⇐) Every sequence in C has Cauchy subsequence by 5.11, converges to point
of M since M complete. C closed so limit in C.

Lemma 5.13. If M subspace of N totally bounded so is M .

Proof. Fix ε > 0. Let F ⊂ M be finite s.t. M ⊂
⋃

x∈F B
(
x, ε

2

)
. Then

M ⊂
⋃

x∈F

B
(
x,

ε

2

)
⊂ B (x, ε) .

Theorem 5.14. Subspace S of complete metric M totally bounded iff S com-
pact.

Proof. (⇒) S totally bounded by 5.13 so compact by 5.12.

(⇐) S totally bounded by 5.12 and so is S ⊂ S by 5.10.

5.7 Cantor’s theorem

Definition 5.6. Diameter of ∅ 6= S ⊂ M defined by

diam (S) = sup
x,y∈S

d(x, y)

Theorem 5.15 (Cantor). Let Fn decreasing sequence of non-empty closed sub-
sets of metric M s.t. diam (Fn) −→

n→∞
0. Then

⋂∞
n=1 Fn 6= ∅.

Proof. Pick xn ∈ Fn. Then ∀ i ≥ n, xi ∈ Fi ⊂ Fn.

Hence for i, j ≥ n, d(xi, xj) ≤ diam (Fn). Hence (xn) Cauchy. Converges to
some x as M complete.

Fn closed so x ∈ Fn. Hence x ∈
⋂∞

n=1 Fn.
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5.8 Baire category theorem

Definition 5.7. S ⊂ M is

• dense in M if S = M .

• nowhere dense in M if M \ S is dense in M .

• meagre in M if it is the union of a sequence of nowhere dense sets.

Proposition 5.16. S ⊂ M nowhere dense in M iff S
◦

= ∅

Proof. S
◦

= ∅ = M \ (M \ S) so if RHS = ∅ then M \ S is dense in M so S
is nowhere dense. Conversely if S is nowhere dense in M then M \ S = M so
RHS = ∅.

Theorem 5.17 (Baire Category). A complete metric space is not meagre in
itself.

I.e. if Sn are the nowhere dense subsets of non-empty complete M then

M \
∞⋃

n=1

Sn 6= ∅

Proof. IDEA: Find decreasing sequence of dense sets with non-empty
intersection of their closures by Cantor. Any point in this inter-
section cannot be in any nowhere dense set.

Gk := M \ Sk dense in M , open.

Then G1 6= ∅. Choose x1 ∈ G1 and δ1 > 0 s.t. B(x1, δ1) ⊂ G1.

Continue inductively: Having defined xk−1, δk−1 use fact that Gk dense to find
xk ∈ Gk ∩B

(
xk−1,

δk−1
2

)
. Find 0 < δk < δk−1

2 s.t. B(xk, δk) ⊂ Gk.

δk −→
k→∞

0 and ∀ k, B(xk, δk) ⊂ B(xk−1, δk−1).

Then by Cantor (5.15)
⋂∞

k=1 B(xk, δk) 6= ∅. Let x be in this intersection. Then
x ∈ B(xk, δk) ⊂ Gk ∀ k so x 6∈ Sk ∀ k. Hence these is a point x that is not
in the union of all nowhere dense subsets of M , so M cannot be meagre.

Proposition 5.18. The Cantor set C is uncountable.

Proof. ∀ x ∈ C there are points y ∈ C, y 6= x arbitrarily close to x. In other
words, C \ {x} is dense in C. Therefore {x} is nowhere dense in C as it is closed.

If C were countable would have C =
⋃∞

j=1{xj} showing C meagre in itself. This
contradicts Baire’s theorem (5.17).

Lemma 5.19. Let f : [1,∞) → R be cts s.t. for some a ∈ R ∃ arbitrarily large
x with f(x) < a. Then ∀ k ∈ N : S =

⋃∞
n=k {x ∈ [1,∞) : f(nx) ≥ a} is nowhere

dense.
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Proof. f cts so S closed. Let 1 ≤ α < β < ∞. RTP (α, β) \ S 6= ∅.

For large n, n+1
n < β

α so (n + 1)α < nβ. Then
⋃∞

n=k(nα, nβ) contains some
(r,∞) and so a point y s.t. f(y) < a.

Find n s.t. y ∈ (nα, nβ). Then x = y
n ∈ (α, β) and f(nx) < a so x 6∈ S.

Proposition 5.20. Let f : [1,∞) → R be cts s.t. ∀x ≥ 1, limn→∞ f(nx) exists.
Then limx→∞ f(x) exists.

Proof. If limx→∞ f(x) not exist then ∃ a, b; a < b s.t. ∃ arbitrarily large x, y
with f(x) < a, f(y) > b.

Then by previous lemma:

T =
∞⋃

k=1

∞⋂
n=k

{x ∈ [1,∞) : f(nx) ≥ a} ∪
∞⋃

k=1

∞⋂
n=k

{x ∈ [1,∞) : f(nx) ≤ b}

is meagre. By Baire (5.17) ∃ x 6∈ T .

x not in first union so ∀ k ∃ n ≥ k s.t. f(nx) < a. x not in second union so
∀ k ∃m ≥ k s.t. f(mx) > b. Hence f(nx) not converge.

Theorem 5.21. ∃ f ∈ C[0, 1] not differentiable at any point.

Proof. IDEA: C[0, 1] is complete. Functions with derivative at at
least one point form a meagre subset. Result by Baire.

Define Sn:

Sn = {f ∈ C[0, 1] : (∃ x ∈ [0, 1])(∀ y ∈ [0, 1]) |f(y)− f(x)| ≤ n|y − x|}

Summary:

1. Sn closed.

2. Sn nowhere dense as has dense complement and closed.

3. If f ′(x) exists for some x then f ∈ Sn for some n.

1. Let fk ∈ Sn, fk → f . Find xk ∈ [0, 1] s.t. ∀ y ∈ [0, 1],

|fk(y)− fk(xk)| ≤ n|y − xk|

xk has convergent subsequence so assume xk → x. By uniform conver-
gence

|f(y)− f(x)| ≤ n|y − x|

Therefore f ∈ Sn, so Sn closed.
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2. Let g ∈ C[0, 1], ε > 0. g uniformly cts so ∃ δ > 0 s.t.

|x− y| ≤ δ ⇒ |g(x)− g(y)| < ε

4
(1)

Let xi = i
k , ϕ(x) = kε min0≤i≤k |x− xi|. Then 0 ≤ ϕ ≤ ε

2 and suffices to
show f = ϕ + g 6∈ Sn.

Suppose f ∈ Sn and find x “responsible for it”.

Choose 1 ≤ j ≤ k s.t. x ∈ [xj−1, xj ]. Let y = xj−1+xj

2 . Then

ε

2
= |ϕ(y)− ϕ(xj)|

≤ |f(y)− f(xj)|+ |g(y)− g(xj)|

≤
(1)
|f(y)− f(x)|+ |f(xj)− f(x)|+ ε

4

≤ n|y − x|+ n|xj − x|+ ε

4

≤ 2n

k
+

ε

4
<

ε

2

This is a contradiction. So f 6∈ Sn.

3. If f ′(x) exists find δ > 0 s.t. ∀ 0 < |y − x| < δ,∣∣∣∣f(y)− f(x)
y − x

− f ′(x)
∣∣∣∣ < 1 =⇒

∣∣∣∣f(y)− f(x)
y − x

∣∣∣∣ < 1 + |f ′(x)|

Function y 7→ f(y)−f(x)
y−x is continuous on [0, 1] \ (x − δ, x + δ) which is

compact. Hence the function is bounded, so ∃ n ∈ N s.t.

y ∈ [0, 1] \ (x− δ, x + δ) =⇒
∣∣∣∣f(y)− f(x)

y − x

∣∣∣∣ ≤ n

May take n > 1 + |f ′(x)| so get inequality holding ∀ y ∈ [0, 1] \ {x}.

Then |f(y)− f(x)| ≤ n|y − x| ∀ y ∈ [0, 1]. (This clearly holds for y = x
and holds by the above for y 6= x.) So if ∃ f ∈ C[0, 1] s.t. f ′(x) exists for
some x then f ∈ Sn.

These three parts together complete the proof, since by Baire (5.17) C[0, 1] is not
meagre, so there must be a function which is not differentiable at any point, as any
that are differentiable at at least one point are in a nowhere dense subset.

5.9 Compactness and Cantor set

Theorem 5.22. Every compact metric M is continuous image of Cantor set C.
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Proof. Let Ak ⊂ M be finite s.t. ∀ x ∈ M d(Ak, x) ≤ 2−k.

By induction construct sequence of cts functions fk : C → M s.t. fk(C) = Ak,
d(fk(x), fk+1(x)) ≤ 2k ∀ x ∈ C.

(fk) Cauchy in C(C,M) so converge to cts f : C → M . f(C) dense in M . Also
compact, so closed, hence f(C) = M .

Corollary 5.23. ∃ continuous surjective map f : [0, 1] → [0, 1]2.

Proof. Extend surjective cts f : C → [0, 1]2 linearly to each interval removed
during construction of C.
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