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METRIC SPACES 1 METRIC SPACES

1 Metric Spaces
Definition 1.1. A metricon set M isd: M x M — R s.t. Va,y,z € M:

(M1) d(z,y) >0 and d(z,y) =0 < z =y
(M2) d(z,y) = d(y, =)
(M3) d(z,z) < d(z,y) + d(y, 2).
Definition 1.2. The open ball centred at a € M with radius r:

B(a,r)={x € M : d(z,a) <r}

1
Proposition 1.1. The ¢, norm ||z|, = (3 i, |z:|P)? satisfies the triangle
inequality.
Proof. Let |[z[lp, [[yll, =1, a+ 5 =1.
B(0,1) is convex: |ax;+0y; [P < a|z;[P+B|y;|P. Summing up gives ||ax + By||, < 1.

A inequality obvious if either x or y = 0 so assume not. Define Z, § as usual,
A= s @ = Alaly, 8= Myll,- Then 2], = [gll, = 1, . 8.2 > 0 and

a+ =150 [lz+yl, = (llp + lyllp) lod + BIllp < llzllp + l[yllp- =
Definition 1.3. H C M. Define dy(x,y) = du(x,y) Vz,y € H. Then
(H,dp) is a (metric) subspace of M.

If M; are metric spaces, the product My X --- X M, is a metric space with any
of the metrics

=

d(z,y) = < (di($i7yi))p> 1<p<oo

1.1 Open sets

Definition 1.4. U C M open if Ve € U 3§ > 0s.t. B(z,d) CU.
F C M is closed if M \ F' is open.

Lemma 1.2. Open balls are open.

Proof. x € B(a,r). Let 6 =7 —d(x,a) > 0. Let y € B(x,9).

d(y,a) < d(y,z) +d(z,a)
<d+d(z,a)
=r O

Proposition 1.3. Uy,..., Uy C M open. Then ﬂle U; is open.
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Proof. x© € ﬂle U;. Then for each ¢, x € U; = 36; > 0 s.t. B(z,d;) C U;. Let
§ = min{dy,...,8;}. Then B(z,8) C N, U;. O

Proposition 1.4. Any union of open sets is open.

Proof. Any point in the union is in one of the sets, this is open so exists open
ball around in this set so in the union. O

1.2 Continuity
Definition 1.5. f: M; — M, is
e continuous at a € M if Ve > 038§ > 0st. Vo€ M di(z,a) < =

da(f(x), f(a)) <e.

e continuous if f cts at a Va € M;.
e Lipschitz if 3C € R s.t.

dQ(f(ﬂf)af(y)) §0d1($,y) vayEMl
Theorem 1.5. f: My — My is cts iff VU C My open f~1(U) is open (in My).
Proof. (=) z € f~Y(U). f(z) € U so B(f(z),e) C U for some ¢ > 0. f cts at
zso 38 >0s.t. B(z,0) C f~HB(f(z),e)).

(<) Letz € My, e > 0. B(f(x),e) openso f~H(B(f(z),e)) open. z € f~Y(B(f(x),¢))
so ?fé > 0s.t. B(x,8) C f~Y(B(f(x),e)). Theny € B(x,6) = f(y) € B(f(x),¢),
so f cts at x. O

Definition 1.6. Two metrics dy,ds on M are topologically equivalent if dy and
dy open sets coincide.

Theorem 1.6. If di,ds are two metrics on M then TFAE:

1. V(N,d) every f: M — N is dy cts iff dy cts.

2. V(N,d) every g: N — M is dy cts iff do cts.

3. d1 and dy are topologically equivalent.
Proposition 1.7. If30<¢,C < 0 s.t. Va,y € M

cdy(z,y) < da(z,y) < Cdy(z,y)

then dy and ds are topologically equivalent.
Proof. Let U be dy open, x € U. Find § > 0 s.t. Bg,(x,0) C U. Then
By, (, %) C Bg,(x,0) C U so U is dy open. Converse similar. O
Definition 1.7. Isometry f: M; — My is bijection s.t. dao(f(x), f(y)) = d1(z,y).

Homeomorphism f: My — My is bijection s.t. U open in M; iff f(U) open in
M.
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2 Topological spaces

Definition 2.1. Topology on a set T is a collection of open subsets 7 s.t.

(T1) @,T open
(T2) any finite intersection of open sets open

(T3) any union of open sets open.

Definition 2.2. (T,7) a topological space, S C T define Tg = {(UNS) : U € T}.
(S, 7s) called (topological) subspace of T'.

2.1 Bases, sub-bases

Definition 2.3. A basis for 7 on T is B C 7 s.t. every set from 7 is a union
of sets from B.

A sub-basis for T on T is B C T s.t. every set from 7 is a union of finite
intersections of sets from B.

Example 1. Intervals (a, b) form basis for R with Euclidean topology, collection
(a,00), (—00,b) form sub-basis.

Proposition 2.1. If B is any basis for T of T then

(B1) T is a union of sets from B.

(B2) the intersection of any two sets from B is a union of sets from B.

Proposition 2.2. If B is any collection of subsets of T satisfying (B1), (B2)
then 3 unique T with basis B. Its open sets are unions of sets from B.

Proof. By defn of basis if such topology exists, it must be 7 the unions of sets
from B. RTP this is a topology.

(T1) 0 is union of no sets so ) € 7. By (B2) T € 7.

(T2) If U = J;e; Bi and V = Uje.] D; where B;, D; € B, then
Unv =|\JB;nD,
4,3
union of sets from B by (B2).
(T3) Clear. O

Proposition 2.3. If B any collection of subsets of T then 3 unige topology on
T with sub-basis B. Open sets are unions of finite intersections of sets from B.

Proof. Let D be the collection of finite intersections from B. Any topology with
sub-basis B has basis D. D satisfies (B1),(B2) so 3! T with basis D. O

Definition 2.4. (T1,7;), (T», T2) topological spaces, product topology on Ty x T
has basis
B:{U1><U2:U1€'T1,U2€'T2}



METRIC SPACES 2 TOPOLOGICAL SPACES

2.2  Continuity

Definition 2.5. f: Ty — Ty is continuous if VU C Ty open f~1(U) open in T;.
Theorem 2.4. f: Ty — T and g: Ty, — T3 cts then go f: 17 — T3 cts.

Proof. U openin Ty so g~ (U) openin T as g cts. Then (go f)~1(U) = f~* (¢~ 1(U))
open in 77 as f cts. O
Proposition 2.5. Projection m: 71 x To — T, mi(z,y) = = (and similarly

ma) is continuous.

Proof. Uy open in Ty, m_1(Uy) = Uy x Ty open in Ty X Ts. O
Lemma 2.6. 11,75 topological spaces, B sub-basis for Ty. f: Ty — to cts iff
f~Y(B) openV B € B.

Proof. Preimages preserve unions and intersections. O

Proposition 2.7. f: T — Ty x T3 is cts iff f1 and fo are cts.

Proof. (=) m; cts so f; = m; o f cts.

(<) If U; open in T, f=Y(U; x Up) = f{ *(U1) N f5 1(Us) open in T, so cts by
lemma 2.6 O

Definition 2.6. Bijection f: 71 — 15 homeomorphism if U open in T} <=
f(U) open in T5.

So a homeomorphism is a cts bijection with cts inverse.

2.3 Closure, interior, boundary

Definition 2.7. e Interior H° of H C T is union of all sets open in T
contained in H.

e Neighbourhood of x is H s.t. © € H°.

e Closure H of H is set of x s.t. every neighbourhood of z meets H.

Lemma 2.8. H° =T\ (T\H) and H=T\ (T \ H)°.

Proof. x € H°, H neighbourhood of x not meeting 7'\ H so « ¢ (T'\ H), so
zeT\(T\H).

Ifz e T\(T'\H),z ¢ (T\ H) so exists neighbourhood of x not meeting 7'\ H.
This neighbourhood must be contained in H so x € H°. O

From this we get:

e H° open (largest open subset of H), H closed (least closed superset of H).
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o H open iff H = H°, closed iff H = H.
e (H°)° =H°, H=H.

e HCK=H°CK°, HCK.

e (HNK)=H°NK°, HUK=HUK.

Definition 2.8. Boundary OH of H is set of points x whose every neighbour-
hood meets H and T'\ H.

Proposition 2.9. 9H = HN (T \ H) is closed.

2.4 Hausdorff spaces

Definition 2.9. Topological space T is Hausdorff if Vo # y € T 3 disjoint
open sets U,V containing x, y respectively.

Proposition 2.10. Every metric space is Hausdorff.

Proof. Let r = d(x,y) > 0. Then B (z,%),B (y, 5) are disjoint. O

3 Compactness

Definition 3.1. o A cover of A is a collection U of sets whose union con-
tains A.

e A subcover is a subcollection of U which still covers A.

e A cover is open if its members are all open.

Definition 3.2. Topological space T is compact if every open cover has a finite
subcover.

Theorem 3.1 (Heine-Borel). Any closed bounded interval [a,b] C R is compact.

Proof. Let U be open cover of [a,b]. Let
A ={z € [a,b] : [a,z] covered by finite subfamily of U}

Then a € A so A # (), bounded above by b. Let c=supA. a<c<bsocelU
for some U € U. U open so 36 > 0s.t. (c—d,c+9)CU.

c=supAsodz e Ast. & >c—96. [a,c+9) Cla,z]U(c—3d,c+0d) can be
covered by finite subfamily of U so (¢,c+ ) N [a,b] = () (since any point in here
isin A but > ¢ =supA). Soc=1b. O
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3.1 Compactness of subsets

Proposition 3.2. Any closed subset C of compact space compact.

Proof. Let U be cover of C' by sets open in T. Adding open T \ C get open
cover of T'. Finite subcover of this cover contains finite subcover of C of sets
from U. ]

Proposition 3.3. Compact subspace C of Hausdorff T is closed in T.

Proof. a € T\ C. Yz € C 3 disjoint U, > z,V, > a open in T since T

Hausdorff. U, open cover of C so has finite subcover U,,,...,U;,. Then
V =i, Va; open, a € V and disjoint from C. Hence a € (T \ C)° and
T\ C open. O

Proposition 3.4. Compact subspace C of metric space M is bounded.

Proof. Let a € M. Balls B(a,r) (r > 0) are open and cover C, so 3711,...,1,
st. C c U, B(a,r;) = B(a,max{ry,...,r,}). O

3.2 Intersections of closed sets

Theorem 3.5. Let F be collection of non-empty closed subsets of compact T s.t.
every finite subcollection of F has non-empty intersection. Then intersection of
all sets from F non-empty.

Proof. Assume intersection of all sets empty. Let U be collection of comple-
ments. U covers T by De Morgan. U open cover so exists finite subcover
Ui,...,Uy. Then F; := T\ U, € F and empty intersection by De Morgan. This
contradicts the assumption of the theorem. O

Corollary 3.6. Let F; D Fy D ... sequence of non-empty closed subsets of
compact T. Then (Nyey Fi # 0.

Corollary 3.7. Let F1 D F» D ... sequence of non-empty compact subsets of
Hausdorff T. Then ey Fr # 0.

Proof. By proposition [3.3] compact subsets of Hausdorff space are closed. O

3.3 Compactness of products

Lemma 3.8. T, S compact, U open cover of T x S. If s € S there exists open
VcSs,seV st TxV can be covered by finite subfamily of U.
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Proof. Vx € T find W, € U s.t. (z,s) € W,. Existsopen U, C T, V, C S s.t.
(x,8) € Uy x Vo, C Wy {Uy:x €T} open cover of T so 3U,,,...,U,, which
cover T. Let V. =(_; V4. V C S open and

TxVCOUxixinCOWIi O
=1 i=1

Theorem 3.9 (Tychonov). S,T compact = T x S compact.

Proof. By lemma[3.§Vy € S 3V, C S open s.t. T x V,, can be covered by finite
subfamily of . S compact, {V, :y € S} form open cover so 3 V,,..., V.
which cover S.

TxS8 = U;"Zl T x V,,. Finite union, each T' x V,, can be covered by finite
subfamily of U, so T' x S can be covered by finite subfamily of I/. O

3.4 Compactness and continuity

Proposition 3.10. Cts image of compact space compact.

Proof. f: T — S cts, T compact. U open cover of f(T). f~1(U) open VU € U.
Cover T since Va € T f(z) in some U € U. Hence 3 f~Y(Uy),..., f~1(U,)
subcover of T. Vy € f(T) have y = f(x) where x € T so x € f~1(U;) for some
i soy € U;. Hence Uy, ..., U,. O

Theorem 3.11. Cts bijection of compact T onto Hausdorff S is homeomor-
phism.

Proof. U open in T, T\ U closed so compact by theorem [3.2] Hence f(T\ U)
compact by so closed by

Therefore (f~1)~1(U) = f(U) =S\ f(T \U) open, so f~! cts. O

Corollary 3.12. Let T be compact. Cts f: T — R is bdd and attains maz and
min.

Proof. f(T) compact by so closed and bdd by and

Then sup f(T') € f(T) = f(T). O

Alternative proof. Let ¢ = sup,cr f(x). If f not attain ¢ then f(z) < ¢ Va
so {z: f(x) <r} = fl(—oc,a) where r < cst. T C Ui, {z: f(z) <r}.
Then f(z) < max{ri,...,m}Vx so ¢ = sup,cp f(z) < max{ri,...,rm} < c.
Contradiction. O

Definition 3.3. Given cover U of metric M, § > 0 called Lebesgue number of
UitVee M 3IU el st. B(z,0) CU.

Proposition 3.13. Every open cover U of compact metric space has a Lebesgue
number.
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Proof. ¥ o € M pick r(z) > 0 s.t. B(z,r(x)) contained in some set of U.
Then M C UxeMB(:c,%> so 3zy1,...,x; st. M C nglB(l’i,@)

Let § — w Then V& € M pick i st. = € B (xi, T(?)) and

B(z,6) C B(x;,r(x;)) subset of some set from U. O

Theorem 3.14. Cts map of compact metric M to metric N is uniformly cts.

Proof. Let € > 0. Then sets U, = f~! ( ( (2), %)) z € M open cover of M.
Let § be Lebesgue number. If z,y € M, dM ,Y) <0 = y € B(z,0) C U,
), 2) <

(z
some z so dy(f(x), f(y)) < dn(f(x),z) +dn(f(y), =z [

3.5 Compact sets in R"

Theorem 3.15 (Heine-Borel). A C R™ compact iff closed and bdd.

Proof. (=) Metric spaces are Hausdorff, so A closed and bdd by and

(<) C C R" bdd = Fa,b] C R" s.t. C C [a,b] X --- X [a,b]. This compact
by Tychanov (3.9). If C closed then closed subset of compact space so
compact by O

3.6 Sequential compactness
Theorem 3.16. Metric M is compact iff every sequence in M has convergent

subsequence.

Lemma 3.17. A, sequence of subsets of metric M. Then ¥V x € ﬂ;;/TJ
Jdxp € Ap s.t. xp — x.

Proof. Take x € A, N B (x7 %) £ . O

Corollary 3.18. xz, € M and ﬂ;’il {zj,zj41,...} # 0 then ), have convergent
subsequence.

Proof. Let x € (;2,{j,2j41,...}. By lemma Jkj > jst. g, —
kj — oo so can choose subsequence kj, s.t. kj,., > kj, (as k;s not necessarily
in order). Then Tk, subsequence converging to . O

Proof of (=) of theorem . Let x, € M, F; = {xj,zj41,...}. F; form de-
creasing sequence of non-empty closed subsets of M.

By corollary ﬂ;; F; # 0 so xj, have convergent subsequence by corollary
O
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Notation:

U open cover of M. Vx € M
r(z) =sup{r <1:3U eU st. B(z,r) CU}

Lemma 3.19. Ify, - x 3K s.t. yp41 € B (yk, %) fork > K.

2 16
for k> K. Then k > K = B(yk,@ fd(x,yk)) C B (m T“”)) c U, so

2
r(yr) > "2 — d(@, ) > "2, so

Proof. Let U € U be s.t. B(:z:, TCE)) C U. Take K st. d(yp,z) < =2

r\x r
d(yk‘+1a yk) é d(yk+1’x) —+ d(yk_’x) < T) é (gk) D

Proof of (<) of theorem|[3.16. IDEA: GREEDY ALGORITHM

My := M, s1 := sup,epy, 7(%). Find 1 € My s.t. 7(z1) > %, choose Uy € U
s.t. B (scl, @) c U;.

If z1,...,2; have been defined,

Mo\ B (xj’ r(;j)) _ M\QB (x T(gi))

If Mjy; =0 then M c |J/_, B (aci, T(gi)) c J’_, U has finite subcover.

If My # 0 let sj41 = sup,eny,, {7(2)}, find 2541 s.t. 7(z541) > 5+, choose
Uj+1 eU st. B (l’j+1, W) C Uj+1.

If procedure stops we have finite subcover. If it runs forever we have infinite

r(z;)

sequence z; s.t. x; ¢ B (xj, 5 ) for 2 > j. This has cvgt subsequence z;, by

assumption, so by lemma|3.19(3 k£ s.t. B (xjk, T(gj’“)) This is a contradiction,

so the procedure stops. O

4 Connectedness

4.1 Connected, separated

Definition 4.1. Topological T' connected if for every decomposition T'= AU B
into disjoint open A, B either A or B is empty.

Definition 4.2. T' C S separated by sets U,V C SUT c UUV, UNV NT = (),
UNT#0, VNT#0.

10
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Proposition 4.1. T' C S disconnected iff T is separated by some U,V C S.

Proof. (=) If disconnected 3A, B C T, A,B# 0s.t. T = AUB and ANB = .
T CSsodU,VopeninSst. A=UNT, B=VNT. Then U,V separate
T.

(<) f U,V separate T let A=UNT, B=V NT then T not connected. [

Proposition 4.2. TFAE:

1. T disconnected
2. T has subset which is open, closed, different from 0, T

3. T admits non-constant cts function to two point discrete space.

Proof.

(1. = 2.) 3 decomposition T'= AU B with A, B open, non-empty. Hence A =T\ B
is open and closed, different from (), 7.

(2.=3.) 0,T # A C T open, closed. Define f: T — {0,1} by f(z) = {(1) z ;j
x

This cts as preimages open.

(3.=1.) f: T — {0,1} non-constant and cts. Define A = F~1(0), B= f~1(1). O

4.2 Connectedness in metric spaces

Theorem 4.3. T C M (M metric) disconnected iff 3 disjoint open U,V C M
st. TNU#PATNV and T CUUV.

Proof. («) Clear
(=) T=AUB. Let

U={zxeM:d(z,A) <d(z,B)}
V={xeM:dxA) >dz B)}

U,V disjoint, open.

Going to prove A C U: Let x € A. A open in T so 36 > 0 s.t.

B(z,0)NT C A. B C T disjoint from A so B(z,0)NB = 0, sod(z, B) > § > 0.

Since d(x, A) = 0 we have z € U. Similarly B C V. O
Lemma 4.4. I C R is an interval iff Va,y € I,V z € R,

r<z<y=z€l

11
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Proof. Intervals clearly have this property. Conversely suppose I has above
property, non-empty, not single point. Let a = inf I, b = sup I.

Show (a,b) C I: If z € (a,b) o,y € T with z < z < y so z € I. Hence
(a,b) C I C (a,b)U{a,b}. O

Theorem 4.5. T C R connected iff it is an interval.
Proof. (=) Suppose I not interval. Then by lemma dae,yel, z€ Rsut.

r<z<yandz¢&I. Let A= (—o00,2)NI, B=(z,00)NI. A, B disjoint,
non-empty, open and I = AU B.

(<) Suppose I not connected. Then 3 cts non-constant f: I — {0,1} where
{0,1} has discrete topology. But then f also cts as funct f: I — R
contradicting IVT.

(<) I partitioned into non-empty A, B open. Choose a € A, b€ B, a <b.
A, B open cover of [a, b]. Let ¢ be its Lebesgue number. Then [a, a+ g} C A,

[a + g, a+ %5] C A, ... until we get to an interval containing b. So b € A
and A, B not disjoint. O

4.3 Connected spaces from others

Proposition 4.6. Cts image of connected space connected.

Proof. Suppose f: T — S cts, T connected. If f(T) disconnected 3U,V C S
open separating f(T). Then f=1(U), f~1(V) open, disjoint, cover T. Contra-
diction as T' connected. O

Proposition 4.7. If C,C; (j € J) connected subspaces of topological T' and
ife; NC#0 YjeJthen

K=culJc;
jeJ

is connected.

Proof. Suppose K disconnected. Hence 3U,V C T open that separate K.

C connected so cannot be separated by U, V', so does not meet one of them.
Suppose w.lLo.g CNV = (). Then C C U. Since V open CNV = 0, so
KNCcCU. Then C;NU #0 Vj.

C; connected so C; CU or C; C V. C;NU # Bso C; CU.
Then K C U contradicting V N K # (. O

Corollary 4.8. C C T connected and C C K C C. Then K connected.

Proof. K =CU,cx{z} and {z}NC #0 Va. O

Proposition 4.9. Product of connected spaces is connected.

12
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Proof. Let T, S connected, sg € S. Define C =T x {so} and Cy = {t} x S (for
some t € T'). Then C, C; homeomorphic to T' and S are connected. C; N C # ()
and 7' x S = C'UJ,cp C¢ connected by O

Example 2.

sin (1) u{(0,t) eR*:t e (-1,1)}

I

is connected.

Proof.

C- {(t,sin (1));»0}
D- {(t,sin <1>):t<0}

C, D, I cts images of intervals so connected.

(0,0) € I'isin C as (tk, sin (i)) — (0,0) when ¢; = 7=. Then JUC connected

by [£7 Similarly I U D. O

4.4 Connected components

Definition 4.3. = ~ y if z,y belong to a common connected subspace of T.
Equivalence classes are connected components of T.

Are maximal connected subsets of T. Number of connected components is
topological invariant.

Property T \ {2} connected V z € T topological invariant.

4.5 Path connectedness

Definition 4.4. a,b € T. ¢:[0,1] — T cts with ¢(0) = a, p(1) = b called a
path from a to b.

Definition 4.5. T path connected if any two points can be joined by a path.

Proposition 4.10. Path connected = connected.

Proof. a € T. Yz € T image C,, of path a to = is connected, and all C;, contain
a. Then T'= J,cp C» connected by O

13
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4.6 Open sets in R"

Theorem 4.11. Any U C R™ open, connected is path connected.

Proof. Let a € U, V ={z € U : 3 path from a to z}.

Let z€ UNV. Find § > 0s.t. B(2,8) CU. 2€V so3Jy € VnB(xJ).

Then B(z,d) C V since join path from a to y to path from y to z. O
Theorem 4.12. All components of open U C R™ open.

Proof. C' component of U, x € C. Find § > 0 with B(z,0) C U. B(x,d)

connected and C union of all connected subsets of U containing x so B(x,d) C C,
so C open. O

Theorem 4.13. U C R open iff disjoint union of countably many open inter-
vals.

Proof. (<) Any union of open sets open.

(=) U CRopen, C; (j€J)its components. C; connected and open so are
open intervals by
For each j 3 rational r; € C;. C§ mutually disjoint so j — 7; injection
into Q, so can order .J into a sequence. O]

5 Completeness

This is a concept that makes sense in metric spaces only.
Recall Cauchy.

Definition 5.1. Metric M is complete if every Cauchy sequence in M converges
(to a point of M).

Remark 1. This is not a topological invariant: (0,1) - incomplete and R -
complete are homeomorphic.

Proposition 5.1. Cvgt = Cauchy.
Proof. Ve > 03N s.t. d(x,,r) < 5 forn>N. If m,n > N then
E €
AT, Tn) < d(@m, ) + d(Tp, x) < 5—1-5 =¢ O
Proposition 5.2. 1. Complete subspace S of metric M is closed.

2. Closed subset S of complete M is complete.

Proof. 1. Letz, € S, z,, >z € M. (x,) Cauchy in S so cvgsin Stoy € S.
S <M so x, — yin M. By uniqueness of limits z =y € S.

14
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2. Let (z,,) C S Cauchy. Cauchy in M so cvgs to point of M which in S as
S closed. O

Proposition 5.3. V.S B(S) of bdd functions S — R with sup norm is com-
plete.
Proof. Let (f,) Cauchy, ¢ > 0. 3N s.t. || fm — full < & for n,m > N. Hence
for fixed x (f,(z)) Cauchy in R, so cvgs to f(z) € R.
For n > N |fm(z) — fn(z)| <e ¥m > N. Let m — oo then

|f(z) = fulz)| <e Yz eS, n>N

Then f bdd and f,, — f. O

5.1 Proving Cauchy

Proposition 5.4. A sequence (x,,) C M is Cauchy iff 3 sequence €, > 0 s.t.
en — 0 and d(xpm, x,) < &, for m > n.

n—oo

Proof. (=) Suppose (z,) Cauchy. Then let &, =3 d(Tpm, Tpn) — — 0.

m>n n—oo

(<) Given € > 0 find k s.t. €, < e for n > k. Then d(z,,z,) < e, < ¢ for

m > n > k. Exchanging m,n gives d(z,,z,) < e Vn,m > k. O
Proposition 5.5. (z,) C M sequence s.t. 371, > 0 with Y.~ 7, < 00 and
AT, Tpt1) < 7 V. Then (z,) is Cauchy.

Proof. Follows from with e, =Y r- 7. Then
m—1 m—1
d(zmyxn) S Z d(l’k,l’k+1) S Z Tn S En O
A ineq o o

5.2 Examples

Example 3. If K compact topological space then space C'(K) with sup norm
is complete.

Proof. Each f bdd, attains max. By [5.2] suffices to show C/(K) closed in B(K).
Suppose f, € C(K) cvg to f € B(K). Then Ve >0 3N s.t.

sup |f(z) — fu(z)] <€ Vn=N
zeK

VaeR {z: f(z)>a}= U{x:fN(x)>a+5}

e>0

RHS are preimages of open sets so open. Hence LHS is open. Similarly
{z: f(x) < a} open. (—o0,a), (a,o0) form sub-basis for R so f cts. O

15
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Example 4. C[0,1] with norm ||f||; = fol |f(x)|dx is incomplete.

Proof.

0 1 \Vz
S 2
SN
<3

n n—oo

so (fn) Cauchy.
Let f € C[0,1]. Find k € Ns.t. |f| < Vk. Then for n > k

1

/ Vfale) — f(a)lda > / 8 (;5 - f(a:>) s

1 1 1
>2C@‘w)‘¢k
1 2 1
S e vi -

5.3 Completion

Definition 5.2. S C M is dense in M if S = M.

Definition 5.3. A completion of metric space M is:

e complete metric space N s.t. M dense subset of N.
e complete metric space N and isometry i: M — A C N s.t i(M) is dense
in N.

Theorem 5.6. Any metric M can be isometrically embedded into complete met-
ric space.

Proof. Find isometry of M onto subset of B(M), complete by Fixa € M,
define F: M — B(M) by F(z)(z) = d(z,z) — d(z,a). |F(x)(2)|] < d(z,a) so
F(x) € B(M).

|F(2)(2) — F(y)(2)| = |d(z, ) — d(z,y)|
d(z,y)

Equality occurs when z = y. Then ||F(z) — F(y)|| = d(z,y) so F isometry. O

IN

Corollary 5.7. Any metric space M has a completion.

Proof. Embet M into complete N. Then M (closure taken in N) is complete
by M dense in M. Then M completion of M. O

16
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5.4 Contraction Mapping Theorem
Definition 5.4. f: M — M contraction if 3k < 1 s.t.

d(f(z), f(y)) < kd(z,y) Vz,ye M

Theorem 5.8 (Banach). If f contraction on complete metric M then f has
unique fized point.

Proof. Uniqueness: If f(z) =z, f(y) =y then

d(z,y) = d(f(z), f(y)) < rd(z,y) = d(z,y) =0

Existence: Pick zo € M, x,41 = f(z,). By repeated application of the contrac-
tion property we get that d(zj,z;41) < K/ d(zo,21). Y0y K d(z0,21) < 00 SO

J
(z,,) Cauchy by

M complete so z, — x € M, so f(z,) — f(z). But also f(x,) = zp41 — = so
flx) == O

5.5 Total boundedness

Definition 5.5. Metric M totally bounded if Ve > 0 3 finite set F' C M s.t.
M C U,ep B(x,¢).

Proposition 5.9. Subspace M of metric N is totally bounded iff Ve > 0 3
Jinite H C N s.t. M C,cpy B(z,¢).

Proof. (=) Obvious.

(<) Given e > 0let H C N be finite set s.t. M C |J,cpy B (2, 5). From each
non-empty M N B (z, %) pick one point. Let F be set of these points.

F C M finite.
Ify € MthenyinoneofB(z,%) so MNB (z,%) #Psodx e MOB(Z,%).
Hence y € B(z,¢) and M C J,cp B(z,¢). O

Corollary 5.10. Subspace of totally bounded metric space is totally bounded.

Theorem 5.11. Metric M totally bounded iff every sequence in M has Cauchy
subsequence.

Proof. (=) Let x, € M. M covered by finitely many balls radius % so 1 By
st. Ny ={neN:x, € By} has |[N;| = o0.

Suppose inductively have defined infinite Ny_1 C N. Since M covered by
finitely many balls of radius i Joneball By s.t. N, ={n € Ny_1:x, € By}
is infinite.

Let n(1) be least element of Ny, n(k) least element of Ny, s.t. n(k) > n(k — 1).
Then (xn(k))zil C (zn)pzy 8t. VE 254 € By for i > k. Hence

d (xn(i),xn(j)) < %Vi,j >k so (xn(k)) Cauchy.

17
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(<) Suppose M not totally bounded. Then for some & > 0 3 finite F with
all points of M within ¢ of it. Choose 1 € M, inductively xj s.t.
d(xg,x;) > € Vi <k. xp exists by assumption M not totally bounded.

This gives sequence (zy)72, s.t. d(x;,x;) > € Vi # j. Then no subse-
quence of (xj) Cauchy. O

5.6 Completeness and Compactness

Theorem 5.12. Subspace C' of complete metric M compact iff closed and totally
bounded.

Proof. (=) C closed by totally bounded since ¥V e > 0 open cover B(z,¢)
(x € C) has finite subcover.

(<) Every sequence in C has Cauchy subsequence by converges to point
of M since M complete. C' closed so limit in C. O

Lemma 5.13. If M subspace of N totally bounded so is M.

Proof. Fix e > 0. Let F C M be finite s.t. M C J,cp B (#,5). Then
MCUB(i&%)CB(x,E). O

zEF

Theorem 5.14. Subspace S of complete metric M totally bounded iff S com-
pact.

Proof. (=) S totally bounded by so compact by
(<) S totally bounded by and so is S C S by O

5.7 Cantor’s theorem

Definition 5.6. Diameter of ) #.S C M defined by

diam (S) = sup d(z,y)

z,yeS

Theorem 5.15 (Cantor). Let F,, decreasing sequence of non-empty closed sub-
sets of metric M s.t. diam (F,,) — 0. Then (\,—, F,, # 0.

Proof. Pick x,, € F,,. ThenVi > n, x; € F; C F,.

Hence for 4,5 > n, d(z;,z;) < diam (F},). Hence (z,) Cauchy. Converges to
some x as M complete.

F, closed so x € F,,. Hence z € ()2, F,. O

18
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5.8 Baire category theorem
Definition 5.7. S C M is

e dense in M if S = M.
e nowhere dense in M if M \ S is dense in M.
e meagre in M if it is the union of a sequence of nowhere dense sets.

Proposition 5.16. S C M nowhere dense in M iff ST=90

Proof. S° =0 =M\ (M\S) so if RHS = () then M \ S is dense in M so S
is nowhere dense. Conversely if S is nowhere dense in M then M \ S = M so
RHS = 0. O

Theorem 5.17 (Baire Category). A complete metric space is not meagre in

itself.

Le. if S,, are the nowhere dense subsets of non-empty complete M then

M\Ds,ﬁé@

n=1

Proof. IDEA: FIND DECREASING SEQUENCE OF DENSE SETS WITH NON-EMPTY
INTERSECTION OF THEIR CLOSURES BY CANTOR. ANY POINT IN THIS INTER-
SECTION CANNOT BE IN ANY NOWHERE DENSE SET.

G}, := M \ S dense in M, open.
Then G # 0. Choose z1 € G and §; > 0 s.t. B(z1,61) C Gy.

Continue inductively: Having defined x;_1,d;_1 use fact that G dense to find
rr € Gx.NB (xk_l, 5k£1). Find 0 < §; < 6k51 s.t. B(zg, k) C Gg.

Ok k_) 0 and V k, B(l‘k7(5k) - B(l‘k,h&k,l).

Then by Cantor (5.15) M, B(xk, ;) # 0. Let x be in this intersection. Then
x € B(xg,0r) C Gy VksoxdS, Vk Hence these is a point x that is not
in the union of all nowhere dense subsets of M, so M cannot be meagre. O

Proposition 5.18. The Cantor set € is uncountable.
Proof. ¥V x € € there are points y € €, y # x arbitrarily close to z. In other
words, €\ {2} is dense in €. Therefore {z} is nowhere dense in € as it is closed.

If € were countable would have € = Uj’;l{xj} showing € meagre in itself. This
contradicts Baire’s theorem ([5.17)). O

Lemma 5.19. Let f: [1,00) — R be cts s.t. for some a € R 3 arbitrarily large
z with f(z) < a. ThenVk e N: S =), {x € [1,00) : f(nx) > a} is nowhere
dense.
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Proof. f ctsso S closed. Let 1 < a < 8 <oco. RTP (o, 3)\ S # 0.

For large n, 21 < 8 50 (n+1)a < nB. Then |J°Z, (na,nB) contains some

[e3

(r,00) and so a point y s.t. f(y) < a.
Find n s.t. y € (na,nB). Then v = £ € (a, ) and f(nr) <asox ¢ S. O

Proposition 5.20. Let f: [1,00) — R be cts s.t. Vo > 1, lim,, o f(nz) exists.
Then limg oo f(x) exists.

Proof. If lim,_, o, f(2) not exist then 3 a,b; a < b s.t. I arbitrarily large z,y
with f(z) < a, f(y) > b.

Then by previous lemma:

(@:

T = ﬂ{xe[l,oo):f(nm)Za}UUﬂ{xe[l,oo):f(nw)gb}
n=k

k k=1n=k

is meagre. By Baire (5.17) 3z ¢ T.

x not in first union so Vk 3In > k s.t. f(nx) < a. z not in second union so
Vk 3Im>kst. f(mz)>0b. Hence f(nz) not converge. O

1

Theorem 5.21. 3 f € C[0,1] not differentiable at any point.

Proof. IDEA: C[0,1] 1S COMPLETE. FUNCTIONS WITH DERIVATIVE AT AT
LEAST ONE POINT FORM A MEAGRE SUBSET. RESULT BY BAIRE.

Define S,,:
Sp=A{f€C[0,1]: Bz € [0,1])(Vy € [0,1]) [f(y) — f(@)| < nly — 2|}

Summary:

1. S, closed.
2. S, nowhere dense as has dense complement and closed.

3. If f/(z) exists for some x then f € S,, for some n.

1. Let f € Sy, fr — f. Find z € [0,1] s.t. Yy € [0, 1],

|fe(y) = fr(zr)| < nly — x|

xj has convergent subsequence so assume xp — x. By uniform conver-
gence

|f(y) = (@) < nly — =
Therefore f € 5, so S, closed.
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2. Let g € C[0,1], € > 0. g uniformly cts so 34 > 0 s.t.

(1)

&
lz -yl <0 =lg(x) —gy)| < 1

Let z; = £, ¢(x) = ke ming<;< [z — 2;]. Then 0 < ¢ < § and suffices to
show f=p+g €& S,.

Suppose f € S, and find x “responsible for it”.
Choose 1 < j <ks.t. z € [zj_1,2;]. Let y = w Then

= = ) — (@)
[f(y) = fz)| + l9(y) — g(z;)]
< fy) = F@) + () = @) +

IN

13
< nly — x| + nl; $|+Z
2n €
<20y =
=%t
<&
2

This is a contradiction. So f & S,.

3. If f'(x) exists find § > 0s.t. VO < |y — x| <9,

f(y; — i:(x) —fl)<1= ’f(y; - i(x) <14 |f'(2)]
Function y +— %ﬁ:m is continuous on [0,1] \ (z — 0,z + 0) which is

compact. Hence the function is bounded, so dn € N s.t.

— /(=)

yE[O,l]\(x—(S,x+5):>‘f(y;_x <n

May take n > 1+ |f'(x)| so get inequality holding Vy € [0,1] \ {z}.

Then |f(y) — f(z)] <nly —z| Vye€[0,1]. (This clearly holds for y =
and holds by the above for y # z.) So if 3 f € C[0,1] s.t. f/(z) exists for
some z then f € 5,.

These three parts together complete the proof, since by Baire (5.17) C[0, 1] is not
meagre, so there must be a function which is not differentiable at any point, as any
that are differentiable at at least one point are in a nowhere dense subset. O

5.9 Compactness and Cantor set

Theorem 5.22. FEvery compact metric M is continuous image of Cantor set €.
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Proof. Let Ay C M be finite s.t. Vo € M d(Ag,z) < 27F.

By induction construct sequence of cts functions fr: € — M s.t. fi(€) = A,
d(fi(@), frp1(z)) <28 VzeC.

(fx) Cauchy in C(€, M) so converge to cts f: € — M. f(€) dense in M. Also
compact, so closed, hence f(€) = M. O

Corollary 5.23. 3 continuous surjective map f: [0,1] — [0,1]2.

Proof. Extend surjective cts f: € — [0,1]? linearly to each interval removed
during construction of €. O
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