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x(r, ϕ, θ) =





r cosϕ cos θ
r sin ϕ cos θ

r sin θ





r ∈ [0,∞]

ϕ ∈ [0, 2π)

θ ∈

[

−π

2
, π

2

]

f(r, ϕ, θ) = f(x(r, ϕ, θ))

we can define new basis vectors.

er =
δx

δr
=





cosϕ cos θ
sin ϕ cos θ

sin θ





||er|| =

√

cos2 ϕ cos2 θ + sin
2 ϕ cos2 θ + sin

2 θ = 1

eϕ =
δx

δϕ
=





−r sin ϕ cos θ
r cosϕ cos θ

0





|eϕ| = sqrtr2
sin

2 ϕ cos
2 θ + r2

cos
2 ϕ cos

2 θ = r| cos θ| = r cos θ

êϕ =
eϕ

||eϕ||
=





− sinϕ

cosϕ

0





eθ =
δx

δθ
=





−r cosϕ sin θ
−r sin ϕ sin θ

r cos θ





|eθ| =
√

r2 cos2 ϕ sin
2 θ + r2 sin

2 ϕ sin
2 θ + r cos2 θ = r

⇒ êθ =





− cosϕ sin θ
− sinϕ sin θ

cos θ





The system (êr, êϕ, êθ) is a right handed orthogonal system.
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Many vector fields can be naturally be expressed in this basis/

v = vr(r, θ, ϕ)êr + vϕ(r, θ, ϕ)êϕ + vθ(r, θ, ϕ)êθ

Example

v(x) = x

v = rêr + 0êϕ + 0êθ

Question: how to calculate divergence and gradient and curl in these co-ordinates?

(WARNING: divv != δvr

δr
+ δvϕ

δϕ
+ δvθ

δθ
)

Solution 1

Find the inverse maps (x, y, z) !→ r(x, y, z), ϕ(x, y, z), θ(x, y, z) use the chain rule.

Solution 2 (use Gauss theorem)

Let Ω = [r, r + ∆r] × [ϕ, ϕ + ∆ϕ] × [θ, θ + ∆θ].

div(v) ≈ divv · ∆r||er || · ∆ϕ||eϕ|| · ∆θ||eθ||

≈ divv · Vol(Ω)

Flux through the front surface.
∫

Ω

div(v) ≈ 〈V,−eϕ〉 · Area of front

= −Vϕ(r, ϕ, θ)∆r∆θ

back surface



≈ Vϕ(r, ϕ + ∆ϕ, θ)∆r∆θr

Front + Back (r(v(r, ϕ + ∆ϕ, θ)) − v(r, ϕ, θ)) · ∆r∆θ

∫ ϕ+∆ϕ

ϕ
δvϕ

δϕ
(r, ϕ̃, θ)dϕ̃r∆r∆θ

≈
δvϕ

δϕ
(r(ϕ, θ)∆ϕ · ∆r∆θr)

Similar for the left and right

≈
δ

δr
(rVr)∆r cos θ∆ϕ∆θ

Top +Bottom

≈
δ

δθ
(cos θVθ)∆θ∆r∆ϕ

By Gauss's theorem

div(v)r2 cos θ = δVϕ

δϕ
r + δ

δr
(rVr) cos θ + δ

δθ
(cos θVθ)


